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1. Introduction

Sufficient sustainable energy supply is one of the key 
ingredients of national economic growth. Indonesia 
is currently facing some major challenges in meeting 
its energy needs, including the limited reserves of 
conventional fossil fuel energy resources, and the 
international pressures to reduce emissions of energy-
related greenhouse gasses. In light of these concerns, 
the utilization of renewable energy is becoming a 

strategic alternative energy source, particularly solar 
energy which is available almost everywhere in the 
country and has no incidence over greenhouse gas 
emission. 

In the planning process of solar energy conversion 
systems, accurate information on energy availability 
is critical for a proper development of these systems. 
Good and reliable global radiation data is essential 
for an appropriate design of various solar power 
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Abstract

As a tropical country, 
Indonesia is endo-

wed with great solar 
energy potential which 
could significantly contri-
bute to the national en-
ergy security. This stu-
dy focuses on modeling  
global solar radiation 
using an Artificial Neural 
Network to predict GSR 
in a location that is avai-
lable with meteorological 
data but lacks radiation 
measurement data. In 
this study, an optimiza-
tion of the ANN develop-
ment is proposed based on the Cybenko Theorem on 
universal approximator of a single-hidden layer Mul-
ti-Layer Perceptron combined with a Neural Network 
Construction with Cross-validation Samples (N2C2S) 
algorithm for an optimum number of hidden neu-
rons. Weather data and solar radiation parameters 
are taken from NASA and BMKG (Indonesian Metro-
logy and Climatology Agency) for 20 cities in Indonesia 

over a period of 4 years, 
divided into two groups 
of 14 cities for model de-
velopment and 6 cities for 
model validation. The de-
veloped model provides 
an excellent performance 
with a MAPE of 4.1% and 
of R2 0.82. The simulation 
shows that an ANN with a 
single-hidden layer is an
excellent approximator for
the solar radiation func-
tion in the targeted areas, 
in particular for periods 
where high dynamics are 
present in predictor va-

riables. This goes to show that the model is not only 
able to predict solar radiation in good agreement with 
the actual data, but more importantly that the high 
dynamics of parameter fluctuation are successfully 
captured.
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systems including PV modules and energy storage 
sizing of stand-alone solar power stations, as well as 
estimating energy yield and PV system performance 
for solar PV on-grid type. Ideally, global radiation data 
should be obtained through direct local measurements. 
However, in Indonesia, it is rare if not difficult to 
secure comprehensive data on global solar radiation 
measurements. Estimating the global solar radiation 
using prediction techniques could provide an alternative 
to collecting global solar radiation data.

Indonesia is located in the Equator and is the largest 
archipelagic nation in the world. It has various energy 
resources, but as a tropical country it is blessed with a 
tremendous solar energy potential. With a 4.5 kWh/m2/day 
of average solar energy potential, this resource is a strategic 
option in energy supply, not only in view of its abundance 
and environment-friendliness, but also for its flexibility in 
supplying  electricity, particularly to remote and isolated 
areas, which could significantly advance the National 
Electrification Program. 

The solar energy potential in Indonesia is not evenly 
distributed throughout the country. The following 
figure [1] graphs a processed measurement data from 
18 locations in Sumatra, Java, Nusa Tenggara Timur,
and Nusa Tenggara Barat. The eastern part of Indonesia,
represented by measurements from Sumatra and Java,
records lower values compared to the eastern part mea-
surements taken in the Nusa Tenggara area. Indonesia’s 
eastern part has an average solar energy potential of 
5.1 kWh/m2/day as against 4.6 kWh/m2/day in the 
country’s western parts.

Various methods are used to estimate global solar 
radiation, of which some are empirical methods deve-
loped by some researchers. Prescott [2] estimates 
the global solar radiation based on the ratio between 
earth surface and extraterrestrial solar radiation, while
Glover and McCulloch [3] introduce the use of the
geographical position to refine the estimation. Gophi-
natan [4] developed an estimation formula that also 
includes the elevation of a location. Hargreeves et.al 
[5] formulated a simple estimation of global solar 
radiation which includes the local temperature factor. 
A formulation that takes into account the cloud cover  
was developed by Supit and Van Kappel [6].

Despite its wide use, the empirical model has not 
achieved the accuracy required from a reliable prediction 
model. It does not wholly capture the nonlinear charac-
teristics exhibited by the weather parameter [6].

With this concern in mind, several authors have attempted 
to develop solar radiation prediction models based on 
the Artificial Neural Network (ANN) technique. S.M. 
Al-Alawi et al. [7], and Mohandes et al. [8] used the 
ANN to predict the monthly solar radiation based on 
the geographical parameter and solar hour data in 
Oman and Saudi Arabia respectively. Another ANN- 
based prediction model, developed by Reddy et al. [9] 
and Krishnaiah et al. [10], introduced more weather 
parameters in the model. The difference between the 
two models lies in the number of data and the ANN 
structure. Both models show that the use of a larger 
number of data and a greater number of layers in the 
ANN structure, as exhibited in Krishnaiah’s work, 
would provide better prediction results. 

From the above reviews, ANN models have been suc-
cessfully shown to have a great potential in estimating 
the monthly average global solar irradiance by different 
researchers in many countries. However, these ANN 
models are location-dependent and specific to each 
region. This paper attempts to produce a solar radiation 
potential prediction specific to the Indonesian region.

The paper explores the applicability of the ANN tech-
nique in modeling a prediction tool of solar radiation. 

Figure 1. Indonesia Global Solar Radiation
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The commonly available geographical, historical, 
meteorological and calendar month data include lati-
tude, longitude, elevation, maximum and minimum 
air temperature, solar hours, humidity, and rainfall as 
the model input. Several cities are selected around the 
country and used in developing the ANN model, while 
some data are sourced from cities that are not included 
in the model development but used as target cities to 
test the model validity.

2. Method and Data

2.1. Artificial Neural Network Model

An ANN model is an artificial intelligence technique 
using intensive data processing, learning and memo-
rization, and simulating the data structure. The advan-
tage of an ANN is its ability to capture and simulate 
data patterns within a multidimensional information 
domain [12]. It comprises an integrated network with 
an input component, processing layers and output 
units. As shown in Figure 2, a typical neural network 
comprises the input, hidden, and output layers. Each 
layer is connected through a transfer function or acti-
vation function at a connecting point called a node.

In mathematical form, the process in each neuron is 
represented by (1), where for an input vector X, and 
weight factor W, then the product of input xi and weight 
factor wij, xiwij is as the argument of the activation 
function f, where i is the number of input, and j is the 
number of nodes.

The activation function f which defines the output 
of a neuron may consist of a simple linear transfer 
function, or a more complex non-linear function. The 
sigmoid function is the most common transfer function 
used in the ANN in view of its ability to provide a 
smooth transition output from low to high values [12], 
represented as:

The most prominent characteristic of an ANN is its 
ability to learn about the data pattern that enables the 
model to provide a prediction of the next data [13, 14]. 
The ANN’s learning process goes through a training 
procedure and the most common training algorithm 
is the back propagation method. In this method, the 
network is fed with a group of input data, entering the 
activation function and producing the output. During 
the process, weight adjustment is done through utilizing 
the error occurred between the produced and expected 
output. The back propagation method minimizes the 
error function which is defined as:

Where e is error, d is the expected output, o is the 
ANN output, j is the number of output nodes, while p 
is the number of input-output pair data. Thus, the Mean 
Squared Error (MSE) is defined as:

The learning rule is to minimize the MSE function, 
known also as delta rule or Widrow-Hoff rule [13].  
According to this delta rule, the weight factor wij in the 
training process is adjusted as the error exists, with an 
adjustment factor ∆ wij:

Where h is a positive constant number as the learning 
rate, the adjustment factor is used for computing a new 

(1)

Figure 2. Typical ANN topology

(2)

(3)

(4)

(5)
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weight factor for the next iteration step of n+1 from the 
previous weight factor at iteration step n:

The iteration process continues until it reaches a deter-
mined error level, or when the adjustment no longer 
affects the output significantly. When this condition is 
reached, the ANN is ready for the testing process. A 
linear regression of the expected output and the ANN 
output is used to evaluate the correlation coefficient r, 
which should be close to 1 for the best results.

The accuracy of the developed model’s predictions 
is measured by its Mean Absolute Percentage Error  
(MAPE) and r2 (coefficient of determination), in the
same way they were used in previous works [8, 9,1 0,11].
They are defined by:

and

where K is the number of data, dk is the measured data 
value and ok is the prediction output value.

2.2. Model Data

In this study, an ANN model is developed to predict 
the Solar Energy Potential of Global Solar Radiation 
in a location in Indonesia with no solar radiation 
measurement data. There are 9 variable data under 
consideration as model input to predict the monthly 
average daily global solar radiation. These are latitude, 
longitude, elevation, maximum and minimum air 
temperature, solar hours, humidity, and rainfall.

The data covers 20 cities around the country as shown 
in Figure 3. Data used in this study were provided 
by the Agency for Meteorology, Climatology, and 
Geophysics of Indonesia (BMKG) for sun-hours 
and precipitation, and NASA SSE for maximum and 
minimum air temperature, and air humidity.

The cities’ geographical data are presented in Table 1 
below. These consist of the historical data of each 
parameter from 2000 to 2003. Data from 14 cities are 
used for model development, while the other 6 cities 
are used as model target to test its validity, on the 
assumption that the data would apply to any other city 
that is not included in the model development process. 
During the training stage in the ANN development, 
the network will be trained to approximate the best 
function linking the input and output. Later, during 
model validation, the developed model will be used to 
approximate the output in light of the input data from 
target cities.

(6)

Figure 3. Location of case study

(7)

(8)
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1

2

3

4

5

6

7

8

9

10

11

12

13

14

1

2

3

4

5

6

Banda Aceh

Padang

Bengkulu

Pontianak

Palangkaraya

Balikpapan

Cirebon

Malang

Denpasar

Waingapu

Manado

Kendari

Sorong

Merauke

Pekanbaru

Bandung

Banjarmasin

Gorontalo

Ambon

Kupang

5.57

-0.93

-3.82

0.00

-2.12

-1.15

-6.75

-7.96

-8.80

-9.66

1.50

-3.97

-0.88

-8.50

0.50

-6.88

-3.31

0.55

-3.65

-10.17

95.32

100.36

102.30

109.34

113.55

116.90

108.26

112.63

115.20

120.26

124.50

122.59

131.26

140.40

101.40

107.60

114.59

123.06

128.17

123.57

22

22

15

1.5

40

4

50

545

1

10

5

10

50

5

31

791

0

5

50

50

TABLE 1. Site geographical data

No. Cities Latitude, ° Longitude, ° Elevation, meter ASL

Model target cities

Model development cities

3. Model Development

The Multi-Layer Feed Forward (MLFF) ANN with 
Back-Propagation training was selected as a basis for 
the model since this type of architecture is the most 
appropriate for function approximation problems 
such as global solar radiation prediction. A single 
hidden layer MLFF based on the Cybenko theorem on 
universal approximator of a single hidden layer Multi-
Layer Perceptron is employed as described in Figure 4. 
Cybenko proved the universality of the layered feed 

forward neural network employing the continuous 
sigmoid type function as an activation unit [16, 17].

The Neural Network Construction with Cross-validation 
Samples (N2C2S) algorithm was first introduced by 
Setiono [18] describing a procedure to find the optimum 
neuron by inspecting the change in the accuracy level 
with the increase of nodes during the training and 
testing stages of the ANN development. The addition 
of new hidden units usually results in higher network 
accuracy on the training samples. However, when there 
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are already enough hidden neurons in the network, this 
increase is usually accompanied by a decrease in the 
cross-validation or testing accuracy. This algorithm 
eliminates the problem of the difficulty associated 
with having to determine the number of hidden 
neurons. Employing the combination of selecting the 
single hidden layer and finding optimum neurons with 
N2C2S provides a systematic development process to 
achieve an optimum network by avoiding the trial of 
many combinations of ANN architecture in numbers of 
hidden layers and nodes.

Data are collected from 20 sites of which 14 are selected 
for developing the ANN. There are 661 data points in 
these 14 sites with 50% assigned as the training data, 
while 25% are used for testing and the last 25% for 
validation. The 6 remaining cities are not included 
in the development process and will be used as the 
prediction site’s target for validating the ANN.

On the determination of optimum neuron numbers, the 
ANN structure was trained and tested using available 
data with an increase in neuron numbers. The mean 
squared error of the training and testing stage by neuron 
increase is plotted in Figure 5. The analysis shows that 
at approximately 6 neurons the training error keeps 
decreasing while the testing error starts increasing. This 
indicates that adding more neurons no longer improves 
the test accuracy. Therefore, 6 unit neurons are used in 
the ANN hidden layer.

4. Results and Analysis

The feed forward MLP ANN structure with a single 
hidden layer is used as a model for predicting global 
solar radiation. A back-propagation training scheme 
is used to train the network. During the model 
development, the N2C2S algorithm is applied to 
determine the optimal neuron number. 

As can be observed from Figure 5, the optimal number 
of neurons is 6 units. The performance of a 6-neuron 
network was satisfactory and fulfilled the criteria of 
a good model with a MSE of 0.00008, a MAPE of 
4.4% and r2 of 0.85. The accuracy of the prediction 
model is evaluated based on error estimation, thus the 
smaller the MSE, or RMSE and MAPE values, the 
better the forecast. The MAPE criterion is the decisive 
factor since it is expressed in easy generic percentage 
terms. According to Lewis [20], the MAPE criterion 
for model evaluation is categorized into the following 
level: MAPE < 10% means high prediction accuracy, 
10% <MAPE < 20% is considered as good prediction, 
20% < MAPE < 50% falls into reasonable prediction, 
and MAPE > 50% is categorized as poor prediction.

The simulation results of the ANN model and data 
of global solar radiation measured in six target cities 
are shown in Figure 6 (a) to (f). These target cities 
reflect diverse geographical conditions to show the 
suitability of the model in the prediction process 
in various locations in Indonesia. Pekanbaru is the 

Figure 4. ANN Structure for Indonesian Global Solar
Radiation Prediction

Figure 5. Optimum Neuron Selection
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capital city of the Riau Province in the midlands of 
Sumatra Island and represents the western Indonesian 
sites. Bandung, the capital of the West Java Province, 
located on Java Island and sitting at an elevation of 
more than 700 meter ASL, was selected to represent 
mountainous cities. Banjarmasin is situated on the 
coast of South Kalimantan (Borneo). As this capital 
city is located towards the center of the country, it 
represents Indonesia’s central cities. Gorontalo is 
situated in Indonesia’s northern parts on Sulawesi 
(Celebes) Island and represents the northern region of 
Indonesia. The next city, Ambon, is the capital of the 
Maluku Province and represents the eastern parts of 
Indonesia. The last city is Kupang which is the capital 
of East Nusa Tenggara and is located almost at the 
southernmost tip of Indonesia.

The model provides a prediction of global solar 
radiation for 6 target cities for the year 2003-2004. 
Since the model was developed within a data range 
of 2000-2003, it has demonstrated in this study its 
ability to predict solar radiation in the period beyond 
the time range of the data used in model development. 
The MAPE for the 6 target cities was recorded found 
at the following values: 5.1% for Pekanbaru, 7.1% for 
Bandung, 7.9% for Banjarmasin, 5.8% for Gorontalo, 

8.8% for Ambon, and 6.3% for Kupang. This reveals 
an excellent concordance between measured data and 
predicted values. The research shows not only the 
ability of the proposed ANN model to predict solar 
radiation in any place, but also its reliability in diverse 
environments in the country.

The developed model was successfully used as a 
prediction tool since its performance has produced 
satisfactory results. The model’s MAPE is in the range 
of 5.1% to 8.8%, and well beyond similar studies 
such as Mohandes for Saudi Arabia which produced a 
MAPE of 19,1% [8], Reddy for India with a MAPE of 
12,5% [9], and close to the one  achieved by Sozenin 
in Turkey with a MAPE of 6,78% [11]. Although the 
better prediction achieved by Krishnaiah in 2007, an 
improvement over Reddy’s work with a MAPE of 
4,61% and r2 0.999954 [11], her model, contrary to  
the proposed Indonesian model, was developed for a 
specific area in India with the purpose of estimating the 
hourly global solar radiation. The high accuracy of this 
model is also due to the split of the prediction model 
between the northern and southern regions of India, 
each for every three climatic seasons (winter, summer, 
and rainy), which is not the case with the Indonesian 
environment.
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Figure 6. Simulation result in the target cities of (a) Pekanbaru, (b) Bandung, (c) Banjarmasin,
(d) Gorontalo, (e) Ambon, and (f) Kupang.
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for solar radiation. The model has successfully captured the irregularity and stochastic nature of weather data 
in predicting the solar radiation value. In this study, it was demonstrated that the ANN can provide excellent 
prediction tools but can also be developed optimally with a straightforward procedure by using a single hidden 
layer architecture combined with an N2C2S algorithm for an optimal number of neurons.  This study has shown 
that a prediction modeling using the ANN technique can obtain the solar radiation value using commonly 
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better performance compared to previous works in the same field for sites in other parts of the world.
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Abstract

The study aims to find 
optimal conditions 

for an improved harves-
ting of solar electricity 
and optimization of its 
generation for the purpo-
se of building integrated 
photovoltaics (BIPV) in 
urban areas, and desi-
gning future Large Scale 
Stations. Measured DC 
electrical power from 
photovoltaic panels in the city of Kirkuk, Iraq, is ana-
lyzed for different orientations, cleaning schedules, 
and tracking procedures, and relevant conclusions are 
drawn. The results obtained so far for Jan-Jul 2013 
indicate that a horizontal panel raised 2m above the 
roof (H2) produces about 14% more output than those 
mounted directly above the floor. In January, the output
from a two-axis tracked panel (2T) was about 20% 
higher than that of a one-axis tracked panel (1T) whilst 

the latter has an output 
higher by about 10% than 
a panel tilted at ~35°,TL. 
A south-facing vertical
(VS) panel produces 
about 70% more power 
than a horizontal (HA)  
ones, but in June the ef-
fect is reversed with HA 
producing 200% more 
power than VS. However,
a TL panel outperforms 
both. Simple empirical 

equations are suggested to model the outputs of VS, 
HA, and TL panels. The equations simplify design 
procedures for predicting the  power output of PV  sys-
tems. It is proposed that switching between HA and 
VS orientations could be used as a control parameter
to regulate electrical power for BIPV purposes.

Keywords: BIPV, Kirkuk Iraq, Mathematical models, 
Maximum DC electrical power, Mounting layout, Opti-
mum orientation, Photovoltaic panels.
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1. Introduction

The demand for electricity is on the rise in Iraq and 
around the world. Conventional electricity power 
generation depends on fossil fuels that are limited 
in nature. Interest in renewable energies (RE) is 
increasing as an alternative source of energy. In Iraq, 
and in view of its geographical location, the most 
viable RE is solar energy (SE). The direct conversion 
of SE to electricity through photovoltaic (PV) panels 
is gaining momentum and popularity in Iraq and 
elsewhere in the world for a variety of good reasons 
(the advantages of PV can be traced in various books 

on PV (e.g. [1] and [3]). Photovoltaic (PV) technology 
has the potential of serving as an electricity generation 
medium with less pollution and more cost effectiveness 
in the long run. Securing energy for society with 
current considerations in mind, such as sustainability, 
economy and environment protection is a task that 
cannot be overlooked. Therefore, a local assessment 
of the availability of solar energy for the purpose 
of using photovoltaics in electricity generation is 
necessary for the planners and designers involved in 
securing energy for society. This study aims to identify 
optimal conditions for an improved harvesting of solar 



A.J. Muhammad, H.S. Akbar, W.M. Khidir / ISESCO Journal of Science and Technology - Volume 10, Number 17 (May 2014) (11-18)

12

electricity and the optimization of its generation for the 
purpose of Building Integrated Photovoltaics (BIPV) 
in urban areas where the demand for electricity is 
highest and for the purpose of designing future Large 
Scale Stations.

As a result of internal and regional wars, Iraq is lagging 
behind in RE programs compared to other countries in 
the region and the world. Recently, the Governorate 
of Kirkuk introduced stand-alone PV panels for street 
lighting. Unfortunately, the project is affected by 
soiling (dust collection), battery life and maintenance 
problems. However, the demand for electricity is 
pressing while conventional primary sources, such as 
oil and  gas are becoming more expensive and depleting. 
This paradoxical situation is helping draw attention to 
the potential of RE as a sustainable and clean source of 
energy, which explains the increasing interest in RE, 
especially photovoltaics. 

To fulfill the above stated goals, and as part of the 
interest in PV, the present project investigates the 
output of photovoltaic panels with various orientations 
and cleaning schedules in the city of Kirkuk, at the 
premises of the College of Science, University of 
Kirkuk (UOK). The project aims to identify the best
conditions for an improved harvesting of solar electri-
city and the optimization of its generation using PVs 
direct conversion to electricity. Different mounting 
orientations (horizontal, inclined, and vertical) are 

considered with building-integrated photovoltaics 
(BIPV) in mind since BIPV seems an inevitable choice 
in urban areas [4] where demand for electricity is at 
its highest. Interest in assessing PV energy yield at 
specific locations in the world has increased in recent 
years for various reasons and different purposes. For 
example, [5] and  [8] showed an interest in the ability 
to estimate, forecast, or increase power output, [9] and  
[12] were interested in optimizing tilt angles, [13] and  
[14] were interested in cost and benefits and power 
prediction for large scale grid integration, and [15] 
and [19] for the effect and losses produced by soiling. 
[20]  and [21] conducted a comparison of different PV 
models and modules from different manufacturers, 
[22] and [25] investigated aspects of using PV in 
the urban environment, while [26] investigated the  
economic viability of PV electricity. The present study 
collects the necessary field data to pave the way for the 
use and design of BIPV in the area, and when enough 
data is collected, to be able to predict electrical power 
generated for the purpose of designing Large Scale 
Station (LSS) projects as one solution to the increasing 
demand for electricity in the region and in Iraq. The 
rest of the paper is divided into five sections. In section 
2 we describe the measurement method, in section 3 
we will present the results obtained thus far, in section 
4 we will discuss the results, and in section 5 we will 
present some conclusions.  

Figure 1. A photograph of the PV panels from two different angles as mounted on the roof and walls of the Science Department’s building 
(SDB) at the College of Science, University of Kirkuk (UOK).
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2. Layout of the panels

Figure 1 is a photograph of the panels from two 
different angles. The location is on the roof and along 
the walls of the Science Department’s building (SDB) 
at the College of Science, University of Kirkuk (UOK), 
Kirkuk (35°28’N, 44°19’E). Four panels were hung at 
vertical positions facing south, north, east and west 
(coded VS, VN, VE, and VW) respectively. Four panels 
were laid horizontally, three of them roof-mounted at 
a height of about 2cm from the floor, separated from 
the floor by different materials (wood, soil, air), coded 
(HW, HS and HA) and the fourth panel was mounted 
horizontally at a height of 2m from the floor (coded H2). 
The reason for the 2m elevation of the horizontal panel 
is that roofs of buildings in Kirkuk are usually tiled 
with concrete staggers which become very hot during 
the summer season. And since the PV power output is 
sensitive to temperature [2, 27], the intention was to get 
measured data for the difference. The five panels set at 
a horizontal tilt of about 35° were dedicated to studying 
the effect of cleaning on the output. Two of them were 
subjected to daily cleaning (DC), one was left without 
cleaning (NC), the other two were subjected to weekly 
(WC) and monthly (MC) cleaning, respectively. Two 
panels were laid at a horizontal tilt of about 35°, coded 
(KP) and (DP) for the two firms Kyocera and Dpsolar, 
respectively. A panel was fixed at about 35° from the 
horizontal but tracked east-west (1-axis tracking, coded 
1T), and two others were tracked in two axes (coded 
2T). The tracking was performed manually during the 
measurement period.

3. Measurements setup

In principle, the circuit used to measure the IV charac-
teristics of each panel was a simple circuit consisting 
of a DMM for voltage measurement, another DMM to 
measure current, and a rheostat to represent a variable 
load [2, 11]. In practice, a design was required because 
the number of panels was relatively high. Two types 
of electronic boxes were designed and homemade to
facilitate measurements. One of the boxes was a 
switching board placed at the measurement room, 
and the second was a relay board placed in the field 

near the panels. Figure 2 shows is a schematic of the 
measurement setup. Two sets of such boards were 
made in order to arrange for a nearly equal distance 
between the panels and the relay box and also to reduce 
DC losses to the minimum.

The current voltage (IV) characteristic of the panel 
is measured in the usual way, the power (P=IV) was 
calculated and plotted against voltage V, and then the 
maximum power was determined (at the point where 
∂P/∂V=0). This procedure was repeated at one hour 
or half-hour intervals during the working hours of the 
day (usually 9:00am 3:00pm). Emphasis was on the 
maximum available power at the time of measurement. 
The daily average value was then calculated and the 
daily average maximum available power was then 
plotted against time.

4. Results

Figures 3 and 4 show the plot of daily average available 
maximum power versus time in days for a period of six 
months from January to June 2013. Figure 3 is for the 
vertical panels VS, VN, VE, and VW. The dips in the 

Figure 2. Schematic of the measurement setup
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curves correspond to cloud cover, rain or dusty times. 
Figure 4 is the plot of the same measurement as per 
Figure 3 but the dips were removed so as to reduce 
clutter and enable a meaningful conclusion. Plots such 
as Figure 4 are called ‘clear sky’ while those in Figure 
3 are called ‘overall’. It is obvious from Figures 3 and 
4 that the south facing vertical panel (VS) gives a better

yield during the winter season (Jan-March), but as one 
approaches summer (June) the difference becomes 
smaller.

This season-dependent difference between VS, VN and 
the rest is due to the difference in the sun’s altitude in 
the sky. The path of the sun in winter is lower than its 
path in summer, so the south-facing panel gets better 
illumination during the winter season. In January, the 
output of VS is more than 3 times higher than that of 
VE,  more than 4 times that of VW, and almost more 
than 10 times that of VN. 

Similar figures were drawn for the horizontally laid 
panels. It was found that the power output increases 
as we approach the summer season, but the difference 
between the panels is not significant. This means that 
using wood or soil or not using any material at all has 
very little effect on the power output. However, the 
raised panel (H2) exhibits a slightly higher output 
(about 14%) especially when closer to the summer 
season. This is due to the effect of the concrete roof’s 
temperature on the panel’s efficiency [1], [3] and [27]. 
The 2m raised panel receives less heat from the roof’s 
surface and therefore has a better output. 

The effect of cleaning on ~35° tilted panels was inves-
tigated. In June, the difference between the daily 
cleaning and no cleaning was almost 17%.

Two panels, one made by Dpsolar [28], rated at 100Wp 
with an area of 55x135cm2, and a second one made by 
Kyocera [29] rated at 87Wp with an area of 65x100cm2, 
were compared. The gross watt per cm2 is respectively 
1.34680W/cm2 and 1.33846W/cm2. Taking into consi-
deration the different ratings of the panels and the dif-
ference in their nominal area, it is possible to conclude 
that the two panels are almost equal in performance. 

The tracking effect was studied and it was found that 
output in February during clear sky days at the 2T was 
20% higher than at the 1T and that the latter had a 10% 
higher output than the fixed 35° tilt TL. However, these 
differences become less in June, 2T producing 4% 
more output than 1T and the latter 8% more than TL. 
The shrinking tracking effect as summer draws near 

Figure 3. Overall daily average maximum power output for four 
vertically mounted panels (VS, VN, VE and VW). The dotted line 
for VW, the dashed line for VN, the green line for VE and the black 

solid line for VS.

Figure 4. Daily average maximum power output for four vertically 
mounted panels: VS, VN, VE, and VW (clear sky data only). The 
dotted line for VW, the dashed line for VN, the green line for VE and 

the black solid line for VS.
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is possibly due to the variation of diffuse and direct 
components of solar radiation and their effect on the 
amount of solar energy received by the panel, as well as 
the fact that the panel tracking the sun will also receive 
more heat, which adversely affects the efficiency of the 
panel.

Figure 5 shows a clear sky plot of the daily average 
maximum power for three panels: HA, the horizontally 
mounted panel at a height of 2 cm from the roof, VS, a 
vertically mounted panel facing south, and TL, a panel 
tilted at the local latitude of ~35°. As one approaches 
summer, the output of VS declines while that of HA 
increases. This is due to the relative path of the sun 
in the sky during summer as compared to the winter 
season. In January, VS generates about 70% more 
power than HA, but in June the effect is reversed; HA 
produces 200% more power than VS (60W compared 
to 20W). 

5.  Discussion

In Figure 5 the power output of HA is on the rise as one 
approaches summer while the output of VS is declining. 
We largely attribute this trend to the path of the sun in 
the sky which is at L 23° at midday winter time, while 
it is at L+23° at midday in summer time, L being the 
latitude of the location (L=35°28’N for Kirkuk). If β 
is the tilt angle of the panel, then the received power 

should be proportional to sin (β+L±23°), but this factor 
alone is not sufficient to explain the difference. The 
two curves of the power output become almost equal 
towards the end of February (start of March). The 
approximate value of the integrated power output (that 
is the collected energy) during the first two months 
(January and February), during the last four months 
(March to June) and during the six months are given 
in Table 1:

It is very clear that VS outperforms HA in 
winter, but the reverse occurs in summer. The 
overall performance over the indicated six 
months favors HA (29 units for HA against 22 
units for VS). It is clear from this figure that the 
tilted panel (TL) has an edge over both VS and 
HA.

Figure 5. Comparison of daily average maximum power output (clear sky 
data only) for three panels: HA, VS, and TL, a panel tilted at about 35°.

HA is horizontal facing upwards while VS is vertical facing south.

HA

VS

TL

7

10

12

22

12

25

29

22

37

TABLE 1. Power output from three panels: HA, VS, and 
TL=35° tilt, during different periods. The energy unit is 

about 7.2 kWh.

panel
1st Jan to
28th Feb

1st March to 
30th June

1st Jan to
30th June

Figure 6. Experimental data of Fig.5 (solid lines) for 
three panels: HA, VS, and TL compared with the theo-
retical (dotted lines) empirical equation (Eq.1) for the 

parameters as given in Table 2.
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It is as good as VS during winter and as good as HA 
during summer. Additionally, its performance during 
the transition period (the spring season) is better than 
both. Therefore, it is concluded that the tilted panel at 
an angle of the local latitude L≈35° is the best in terms 
of power and energy output. The approximate values 
of output energy for the tilted panel are also included 
in Table 1. For BIPV purposes, if the architect does 
not favor the tilted position for a given reason, then he 
(or she) may chose a switchable panel, i.e. a panel that 
is vertical facing south, then on 1st March it should be 
switched to a horizontal position with the added bonus 
of providing shade in the hot summer season and 
reducing the sun’s glare resulting from the strong source 
of light that is the summer’s sun. While this conclusion 
may be very approximate and rather vague since the 
data shown in Figure 5 excludes unfavorable weather 
days (e.g. rain, dust, overcast skies, etc), it remains 
basically true since bad weather will affect to a certain 
degree both VS, HA, and TL. The different behavior 
of HA and VS could be positively exploited, switching 
between HA and VS orientations and/or varying the tilt 
angle could be used as a control parameter to regulate 
the input to a PV Power Plant (generator) and hence to 
regulate  output. This conclusion will serve electrical 
engineers who seek a better electrical output for their 
systems, as well as BIPV specialists interested in maxi-
mizing the performance of their designs. 

To simplify design and analysis of PV systems an empi-
rical equation is suggested to represent the power out-
put from a PV panel. Equation 1 below was found use-
ful in representing data measured from panels HA, VS 
and TL for the given parameters as shown in Table 2.

p=p1+(p2-p1) [sin(πn⁄(N-δ))]2         (1)

where p1 and p2 are the level of the output power 
on 1 January and 30 June respectively, n is the day 

number (n=0 180), N=365 is the total number of days 
in one year, and δ≈20 is a fitting parameter. Figure 6 
shows the plot of Eq.1 as dotted lines together with 
the experimental data as continuous solid lines for the 
three panels mentioned above. The correlation is very 
satisfactory as far as average values are concerned. 
There are some slight departures in part of the curve 
especially for panels HA and TL for the period of May-
June where temperatures start to rise. We think the effect 
of the temperature could be modeled and included in 
the equation and this development will be included in 
future works. It is doubtless that generalizing equations 
such as Eq.1 for other alternative mounts and for other 
locations will greatly simplify design work, and to the 
best knowledge of the authors, an equation such as 
Eq.1 predicting the power output from a PV panel over 
an extended period of time (six months or one year) 
has not been published previously in open literature. 
Therefore, the authors claim it as a new contribution to 
the field of analysis and design of PV systems.

It is possible to integrate Eq.1 with respect to time for 
the purpose of predicting energy yield. Performing 
such a calculation for panel HA for the period Jan (n=0) 
to June (n=180), we obtained a value of about 27 kWh, 
which is close to the value determined from Figure 5 
and given in Table 1.

HA

VS

TL

30

55

55

65

20

65

26.25

6.25

26.25

TABLE 2. Parameters of Eq.1 for three panels: HA, VS, 
and TL= 35° tilt at the location of the city of Kirkuk, 

Iraq.

panel p1 p2 D
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Conclusion

The following conclusions may be drawn from the present study:

1. An optimal system design for BIPV purposes could be achieved through either a panel tilted at the local 
latitude or a switchable panel which is placed vertically facing southward during winter then switched on 
1st March to a horizontal position for the summer season. Switching between HA and VS orientations and/
or varying the tilt angle could be used as a control parameter to regulate the input to a PV Power Plant 
(generator), and hence to regulate output.

2- The conclusion made under point 1 is useful for BIPV specialists who want to maximize the performance of 
their designs, and also for electrical engineers who seek a maximum yield without investing in continuous 
tracking.

3- For roof mounted panels, it is beneficial to raise the panel above the surface of the roof because roofs 
in Kirkuk (and Iraq generally) are made of tiles of staggers concrete which become very hot in summer. 
High temperatures reduce the efficiency and hence the power output of PV panels. This conclusion applies 
also to other parts of the world where the thermal properties (conductivity and heat capacity) of the roof 
material are of relevance.

4- An empirical equation suggested for predicting the average power output of PV panels over extended 
periods of time could be used to simplify the design and analysis of PV systems worldwide once the values 
of the input parameters are made available through experiments similar to those performed in the present 
study.
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1. Introduction

Photovoltaics are the process of directly converting 
sunlight into electricity using solar cells. This process 
comprises two steps: (1) absorbing solar radiation 
within the semiconductor and (2) transforming it into 
electrical energy by generating current and voltage 
through incident solar radiation on the solar cells that 
produce electron-hole pairs. 

A photovoltaic (PV) module is composed of several 
solar cells. The output power of a PV module prima-
rily depends on two factors: cell temperature and 
solar radiation incident on the module. When cell 
temperature increases, the open circuit voltage of 
the solar cell decreases, thus leading to a reduction 
in maximum power. As solar radiation increases, the 

short circuit current, maximum power, and conversion 
efficiency also increase [1]. One of the most important 
parameters for assessing PV plant performance is solar 
irradiance. Horizontal irradiance is measured in most 
PV sites. In fact, measuring in-plane irradiance is 
required for assessing PV plant performance. Direct 
irradiance is also important for installing automatic 
solar trackers and obtaining the maximum power 
point from installed power plants. However, sporadic 
cloud movements and changes result in inaccurate 
measurements [2]. Recently, interest in methods 
and technology for solar radiation measurement has 
been increasing. Such interest is attributed in part to 
the need to rate PV system performances on various 
scales under outdoor measurement conditions. In 
numerous PV-related instrument reviews and field 
tests, only low-cost and lower-class radiation sensors 
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Abstract

The performance of 
a photovoltaic (PV) 

solar module is affected 
by its tilt angle and orien-
tation with respect to the 
horizontal plane. PV sys-
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are considered. However, such reviews and tests are 
often accompanied by concerns and complaints on 
the performance of instruments. Apart from reference 
cells and second-class pyranometers, an interesting 
choice of higher-class pyranometers is available, and 
some of which have been put through the acid test [3]. 
Characterizing and evaluating the performance of PV 
modules under natural insolation play a significant 
role in PV research. These processes are also essential 
in determining the scope of new technologies on the 
horizon. Therefore, efforts and techniques should 
be devoted to identifying a set of meteorological 
parameters that  can be quantitatively correlated with 
actual PV module performance, using nondestructive 
and on-site characterization techniques [4]. Identifying 
the performance characteristics of PV modules is 
useful in modeling their annual performance [5–9]. 
Information provided by manufacturers is typically 
limited to temperature coefficients, short circuit current 
Isc, open circuit voltage Voc, and maximum power Pmax 

at rating conditions. These pieces of information, 
although useful in analyzing PV module performance 
at rating conditions, are insufficient in predicting annual 
performance under typical operating conditions [10-12]. 

The authors of [13] studied methods to determine the 
optimum tilt angle and orientation for solar PV arrays 
to maximize incident solar irradiance exposed on 
the array for a specific period. The proposed method 
employed well-established models and data collected 
from the particular area where the PV panels were 
installed. This method was built upon four steps. The 
first step involved recording data to predict diffuse 
solar irradiance on inclined surfaces (which were used 
to select the most accurate among several isotropic and 
anisotropic models). In the second step, the recorded data 
and selected model were used to construct a database 
containing averages and variances of the hourly global 
solar irradiance on tilted surfaces over specific periods 
for various tilt angles and orientations. In the third step, 
this database was used to produce meta-models that 
correlate tilt angle and orientation with mean global 
irradiance and its variance on tilted surfaces. The final 
step involved formulating an optimization problem that 
would determine the optimum values of the tilt angle 
and orientation.

In [14], the author aimed to maximize global solar 
radiation on a sloped collecting surface applied to 
typical latitudes in southern Italy. The optimum tilt 
angle was calculated for solar panels on building 
structures or large PV power plants located in the 
aforementioned area. Several models of diffuse solar 
irradiance were considered to determine the panel 
inclinations that maximize impinging solar radiation 
through global horizontal solar radiation data. These 
data were obtained from the Italian National Agency for 
New Technologies, Energy, and Sustainable Economic 
Development. An algorithm providing a set of tilt 
angles for each latitude was used for the simulation.

In [15], the authors introduced an experimental 
analysis of maximizing the power output of a PV panel 
using existing equations for tilt angles derived from 
mathematical models and simulation packages. Power 
regulation was achieved by using a direct current (DC) 
converter, a fixed load resistance, and a single PV panel. 
The results of the aforementioned study were obtained 
over a four-month period (April to July). The PV panel 
was set to an orientation angle of 0° with tilt angles of 
16°, 26°, and 36°. Preliminary results indicated that tilt 
angles between 26° and 36° provide the optimum PV 
output power for winter months in South Africa.

In the present study, the effect of the tilt angle in the x and 
y directions (azimuth and elevation) is analyzed using 
a solar module tester (SMT). The SMT can provide 
either a constant solar irradiance or variable irradiance 
according to the software settings. The standard 
solar irradiance (1000 W/m2) is used in the results. 
In addition, the tilt impact factor (TIF) is suggested 
to demonstrate the effect of the optimum installation 
angles (x and y directions) on the performance of PV.  

2. The TILT ANGLE

The maximum output power of a PV panel depends on 
atmospheric conditions, such as direct solar radiation, 
air pollution, cloud movements, and load profile, as well 
as tilt and orientation angles. The tilt angle of the PV 
module is the angle measured between the PV module 
and a horizontal surface representing the x direction, 
or the angle measured between the PV module and 
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a vertical surface representing the y direction. PV 
modules generate the maximum amount of power when 
they are directly facing the sun. For stand-alone systems 
with a battery backup, in which case the PV modules 
are attached to a permanent structure, the tilt angle of 
PV modules should be determined to optimize their 
performance when sunlight is most scarce. Generally, if 
electric power generation is adequate when sunlight is 
most scarce, then the chosen angle should be adequate 
throughout the year. For grid-connected installations 
where PV modules are attached to a permanent 
structure, it is recommended to tilt the PV modules at 
an angle equal to the latitude of the installation site to 
optimize their power generation throughout the year.

3. RESULTS AND DISCUSSION

In this section, the I–V and P–V characteristics of a 
Solara®-130 W PV module with variable tilt angles 
are evaluated using an SMT (module type: GSMT 
Class-AAA). The module is a pulsed light and 
decaying type which can be measured easily under 
different irradiation levels and series resistance. This 
module can also easily reach high peak irradiance. 
The Solara®-130 W PV module is selected to model 
the tilt angle effect because of its suitability to various 
traditional applications. The Solara®-130 W PV module 
provides a nominal maximum power of 130 W, and has 
36 series-connected polycrystalline silicon cells. Data 
are based on measurements made in a solar simulator 
under standard test conditions, which are as follows: 
Illumination of 1 kW/m2 at a spectral distribution of 
AM 1.5 and a module temperature of 25 °C, or as 
specified in the results. Table 1 provides the detailed 
specifications of the Solara®-130 W PV module.

As shown in Figure (1), the maximum power is at 0º 
(in the x direction) and begins to decrease gradually 
as the angle increases. The obtained voltages are 
approximately constant, whereas the current has 
more effect on the output power of the PV. At 0º, the 
power is 129.898 w, which approximately matches the 
output power on the nameplate of the module. At 60º, 
the power is reduced to 42.135 w. At 90º, the output 
power is further reduced to 36.4 w. Although the panel 
is orthogonal to the sun source (xenon lamp from the 
SMT), a reflected radiation light corresponding to the 
reflected or scattered light from the sun is observed. The 
same observation is made in the case of soft shading in 
PV panels. The reflected or scattered light causes the 
panel to generate an output power, even if the amount 
is minimal.

Figure (2) shows the effect of the tilt angle in the y 
direction when the x angle is at 0º with respect to the 
light source. Note that the power is also reduced to 
29.73 w as the angle increases from 0º to 60º. Based 
on Figures (1) and (2), a conclusion can be drawn that 
the y direction has more effect on the o/p power of the 
module. This result is attributed to the shape of the 
module, which is 65 cm in width and 147 cm in length 
(effective areas).

Parameter

Vmax (Volt)

Imax (Ampere)

Voc (Volt)

Isc (Ampere)

Pout (Watt)

Effective panel area (cm)

Solara® (Germany)

17.8

7.3

21.7

8.18

130

65*147

TABLE 1. Specifications of the Solara®-130 W PV model

Figure 1. Comparison between Pm and Vpm in the x direction.
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Figure 2. Comparison between Pm and Vpm in the y direction.

Figure (3) shows the effect of the tilt angle on the o/p 
power in both x and y directions. The o/p power in the 
x direction is greater than the corresponding value in 
the y direction with respect to tilt angles. The average 
percentage difference is approximately 22.7%. Such 
percentage can be obtained by dividing the sum of the 
power values in the x direction by the corresponding 
values in the y direction.

Figure (4) illustrates the effect of the tilt angle on the 
o/p voltages in the x and y directions. Because of the 
shape of the module (the length is in the y direction), 
the obtained voltage values in the y direction are greater 
than the corresponding values in the x direction.

Figure (5) presents a comparison between current and 
power performances in the x direction. As shown in 
this figure, current and power decrease as the tilt angle 
increases. Figure (6) shows the effect of the tilt angle 
of the module on the o/p current and power in the y 
direction. Current and power significantly decrease 
as the angle increases. Furthermore, the current of the 
model considerably decreases as the tilt angle increases. 
As such, a conclusion can be drawn that currents 
have more effect on output power than voltages. The 
detailed differences in current values in both directions 
are shown in Figure (7).

Figure 3. Comparison between maximum power outputs in the 
two directions (x and y).

Figure 4. Comparison between voltages in both directions.

Figure 5. Comparison between Pm(w) and Ipm(A) in the x direction.
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4. The TIF

The effect of the tilt angle on the power output of a 
typical PV system is nonlinear, wherein a small angle 
of tilt in the PV panel or array can result in a large 
reduction in output power. For instance, the proposed 
Eq. (1) can be used to compute the TIF of PV systems:

where:

Psys and Asys are the nominal system power and area, 
respectively, in the direction of the sun (a single panel 
is used, i.e., Solara®-130 w);

Atilt is the direct projection effective area of the PV 
panel; and Ptilt is the power produced under tilted 
conditions, where Atilt in both the x and y directions can 
be obtained using the following equations:

and

Tables (2) and (3) provide the results of the TIF in both 
the x and y directions. From these tables, the TIF is 
observed to increase as the tilt angle increases. The 
TIF has higher values in the y direction than in the 
x direction. This observation is related to the output 
power obtained from the panel under two variation 
cases (x and y directions). In particular, this result can 
be attributed to the shape and dimensions of the panel. 
If the length of the panel in the y direction is greater 
than the width of the panel in the x direction, then the 
output results are listed in Tables (2) and (3). If the 
length and width of the panel have the same values, 
then the TIFs in the x and y directions are the same. 
Otherwise, if the width in the x direction has a value 
contrary to that in the first case (that is, the width is 
greater than the length), then the results are in reverse, 
as shown in Tables (2) and (3).   

The output power of the module is not linear, thus 
indicating that the following linear formula of the 
output power cannot be applied:

Figure 6. Comparison between Pm and Ipm in the y direction.

Figure 7. Comparison between currents in the x and y directions.

(1)

(4)

(2)

(3)
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0
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30

45

60

90

129.898

129.898

129.898

129.898

129.898

129.898

129.898

92.2

63.8

49.7

42.135

36.4

0.9555

0.9555

0.9555

0.9555

0.9555

0.9555

0.65

0.6279

0.5629

0.4596

0.3250

0

1.47

1.47

1.47

1.47

1.47

1.47

0.9555

0.9229

0.8275

0.6756

0.4778

0

0

0.3005

0.5876

0.8731

1.3513

∞

TABLE 2. The tilt impact factor (TIF) in the x direction

Angle
(x-direction)

Psys (w) Ptilt (w) Asys (m2)
Effective
width (m)

Length 
(m)

Atilt (m2) TIF

0

15

30

45

60

129.898

129.898

129.898

129.898

129.898

129.898

78.15

47.22

33.42

29.73

0.9555

0.9555

0.9555

0.9555

0.9555

1.47

1.4199

1.2731

1.0394

0.7350

0.65

0.65

0.65

0.65

0.65

0.9555

0.9229

0.8275

0.6756

0.4778

0

0.4124

0.7349

1.0504

1.5423

TABLE 3. The tilt impact factor (TIF) in the y direction.

Angle
(y-direction)

Psys (w) Ptilt (w) Asys (m2)
Effective
width (m)

Length 
(m)

Atilt (m2) TIF

Conclusion

In this study, the effect of the tilt angle on the performance of a PV module was investigated in the x and y 
directions. Incident solar radiation values on various inclined surfaces with different orientations were calculated. 
The output power of the module could be significantly affected by the angular difference in both azimuth and 
elevation. The maximum power was obtained at 0º in the x and y directions. With the same values of tilt angles in 
the x and y directions, the obtained power from the module in the x direction was greater than the corresponding 
value in the y direction. The TIF increased with the increase in tilt angles, and had higher values in elevation than 
in azimuth because of the dimensions and shape of the panel. 
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Abstract

In previous studies, the 
beta probability distri-

bution function (b - PDF) 
was used to model the 
experimental frequency 
distribution of several 
meteorological data such 
as relative sunshine du-
ration and relative humi-
dity. The present paper 
reports the analytical fitting of the frequency distribu-
tion of relative wind speed by using the b - PDF. Rela-
tive wind speed was first defined and then the experi-
mental frequency distribution, the beta kind analytical 
fitting function and the Weibull density function were 

calculated and plotted for 
different hourly intervals. 
A better fitting of the beta 
PDF with experimental 
distribution was obtained 
in comparison to the Wei-
bull PDF. Then the goo-
dness-of-fit study of mo-
delling by beta PDF was 
performed by calculating 
three statistical tests, na-

mely RMSE, t-value and c2. The small values of those 
tests proved the validity of the b - PDF fitting.

Keywords: Beta PDF, Frequency distribution, Most 
frequent wind speed, Relative wind speed, Statistical 
tests, Weibull distribution.
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1. Introduction

Similar to sunshine duration and humidity, wind speed 
is a random variable. In the study of meteorological 
data, samples are generally set out from real recordings 
and  the real distribution is subsequently determined. 
Then a fitting function is looked for, and a goodness-
of-fit comparison is made between the real distribution 
and the fitting function.

In the case of wind speed, the 2-parameter Weibull 
distribution is generally used (Weibull, 1957; Hennessy,
1977). The Weibull distribution is given by the fol-
lowing probability density function of wind speed v

f (v) is derived from the cumulative distribution 
function F (v) which is expressed as

In equations (1) and (2), k (the dimensionless shape 
parameter) and c (the scale parameter) (m/s) are the 
fitting parameters. The fitting parameters k and c are 
positive. The knowledge of f (v) is an important mean to 
define the wind regime of a site. As a matter of fact, the 
probability density function f (v) is an estimate of the 
fraction of time for which a given velocity v prevails. 
Moreover, the knowledge of the power curve P e (v), 
together with f (v), allows the calculation of the total 
annual energy production of a site. Several procedures 
are used to determine k and c, such as the regression 
method (Khogal et al, 1991; Feregh, 1993; Sulaiman et 
al, 2002), the maximum likelihood procedure (Wong, 
1977) and the Eigen coordinates method (Touré, 2005). 
The fitting parameters k and c are generally used to 
assess the theoretical mean speed <v>, the theoretical 
average wind power density per unit area <P> and the 
variance s2 of wind speed about the mean speed (Touré 
and Laoualy, 2000). The gamma function G is involved 

(1)

(2)
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in those calculations. For instance, < P > is expressed 
as

wherein      is the mass density of air.

Another special function which is used to fit the real
distribution of meteorological data is the beta proba-
bility distribution function (b - PDF). The objective of
the present work is to use the b - PDF to study the dis-
tribution of relative wind speed.

2. Experimental daily wind speed and 
real frequency distributions of wind 
speed

Some wind speed measurements were performed at 
the University of Abidjan, in Côte d’Ivoire. Using 
an anemometer, the mean speeds were measured and 
recorded every 15 minutes from 07:00 to 18:00 local 
time, in May 2002. Then sets of hourly data were set 
out. In each hourly interval, i.e. 07:00-08:00, 08:00-
09:00, 09:00-10:00 etc..., the average wind speeds were 
classified into intervals vj-1 <vi <vj. Subsequently, the 
experimental frequency distributions fexi were calcu-
lated. Figure 1 to 4 show the experimental frequency 
distribution of relative wind speed for four hourly 
intervals, namely 10:00-11:00, 11:00-12:00, 14:00-
15:00, and 17:00-18:00.

3. Modelling the experimental frequency 
distribution of relative wind speed by 
the beta probability density function 

The wind speed frequency distribution is important 
for the characterization of the wind regime. It provides 
knowledge of the most frequent wind speed Vp 
expected at a given site. This wind speed Vp is the 
velocity corresponding to the peak of the probability 
density curve.

So far, the Weibull PDF f(v), given by equation (1), 
has been used to model the wind speed frequency 
distribution. It is a well adopted tool to characterize 
wind regimes and estimate energy potential. In the case 

of the Weibull PDF, the most frequent wind speed Vp is 
the value of v for which df/dv = 0. From equation (1), 
one easily gets

Investigations must be conducted to find other mathe-
matical functions that yield a better fitting of the fre-
quency distribution with the field data.

In several previous studies, the frequency distribution 
of a relative meteorological parameter x was modelled 
by a beta kind distribution. This is the case for the 
distribution of relative sunshine duration and the 
distribution of relative humidity (Bashuhu et al, 2006; 
Honerkamp, 1999; Ettoumi et al, 2012; Yao, 1974; 
Raschke, 2011). The beta kind PDF f(x), which is an
analytical fitting of the frequency distribution of x, is
defined on the interval (0, 1). It is expressed as
(Raschke, 2011)

It is parameterized by two positive shape parameters, 
namely p and q

In equation (5), b (p, q) is the beta function expressed 
as

G is the gamma function which is the generalized 
factorial function given by

The wind speed is also a meteorological random variable 
and investigations have to be made to fit its distribution 
with the beta PDF. The present work explores the use 
of the beta PDF as a mathematical function to fit the 
frequency distribution of relative wind speed. For that 
purpose, the beta PDF is expressed as 

The actual beta kind PDF investigated in the present 
work is a modified form of equation (8). It is given by

(3)
(4)

(5)

(6)

(7)

(8)

(9)
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In equation (9), x is the relative wind speed which will 
be further defined. The fitting shape parameters p and 
q of the beta PDF are assessed by calculating the first 
and second moments E (x) and E (x2). The mean value 
of x, <x>, is of course given by (Bashuhu et al, 2006)

As for the variance s2, it is given by

s is the standard deviation. It is assumed that the 
experimental mean value xm and the experimental 
standard deviation sm are equal to <x> and s, respec-
tively. Then p and q are obtained from the following 
relationships (Bashuhu et al, 2006)

where A is given by

In the present paper, where the frequency distribution of 
the relative wind speed is investigated, x is the relative 
wind speed vr given by vr = v/vmp, with,   0 ≤ vr ≤ 1.

In the definition of vr, vmp is the maximum power wind 
speed which is determined as indicated below.    

As a matter of fact, the power curve Pe (v) of a Wind 
Energy Conversion System (WECS) is given within 
the working velocity band which is the wind interval 
vi < v < vn , where vi and vn are the cut-in and the rated 
wind speeds, respectively. For v = vn, we have Pe = Pr, 
where Pr is the rated power of the WECS. As for the 

theoretical power in the wind per unit area, i.e. the 
power density, it is expressed as        

Therefore, the average power density in the wind < P > 
is expressed as

where f (v) is the Weibull distribution. 

Equation (16) shows that the maximum energy is pro-
duced at the wind speed vmp when   

The calculation gives

According to Sharma and Chadee (Charma and Chadee, 
2000), the rated speed of the WECS can be assessed 
by vn ≈ vmp. Thus, when the functioning of the WECS 
is considered within the working velocity band, the 
highest wind speed is estimated by vmp. Therefore, the 
relative wind speed may be expressed as x = vr = v/vmp. 
As a result,  in the working velocity band, we have 
0 ≤ vr ≤ 1.

4. Results and discussions

The Weibull parameters k and c were calculated in each 
hourly interval by the regression method which allowed 
the assessment of vmp in the selected hourly intervals 
by using equation (17). The Weibull parameters and the 
average wind speeds are displayed in Table 1 for the 
selected hourly intervals.

(10)

(11)

(13)(12)

(14)

(15)

(16)

(17)

10:00-11:00

11:00-12:00

14:00-15:00

17:00-18:00

2.3874

2.1858

1.8085

1.9649

1.7261

2.2635

2.9784

2.2502

1.6010

2.0548

2.584

2.0162

TABLE 1. Weibull parameters and average wind speed for selected hourly intervals.

Hourly
interval

K c (m/s) < v > (m/s)
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Then, for each hourly interval, sm and xm were 
calculated from the experimental data. Subsequently, 
the fitting parameters p and q were calculated by using 
equations (12), (13) and (14). Table 2 displays the 
values of xm, sm

2, A, p and q.

10:00-11:00

11:00-12:00

14:00-15:00

17:00-18:00

0.718

0.652

0.574

0.627

0.10025

0.069181

0.040689

0.064782

0.7309

1.4870

2.8751

1.6365

1.017097

2.284693

5.010176

2.61117

0.2862

0.7976

2.1351

0.9747

TABLE 2. Some statistical parameters and the p and q values for the selected hourly intervals.

Hourly
interval

xm sm
2 PA q

Figure 1. Experimental and theoretical distributions of relative 
wind speed in the hourly interval 10:00 - 11:00

Figure 2. Experimental and theoretical frequency distributions of 
relative wind speed in the hourly interval 11:00 - 12:00

Finally, the beta PDF was calculated for each hourly 
interval by using equation (9) and the corresponding 
curves were plotted. The Weibull PDF was also calcu-
lated for every value of x = vr and plotted for every 
hourly interval. Figure 1 to 4 show the beta PDF and 
the Weibull PDF curves for the four hourly intervals 
selected, together with the corresponding experimental 
curves. The fitting parameters p and q are displayed in 
each figure.

For all the four hourly intervals, the observation of the 
three curves clearly shows a better fitting of the beta 
PDF curve with the experimental distribution when 
compared to the Weibull density function. This was 
shown by considering the most frequent wind speed 
Vp. The goodness-of-fit between the experimental and 

estimated values of Vp, was investigated. In the case of 
the Weibull PDF, Vp was estimated by using equation 
(4). The estimated value of Vp from the Weibull PDF 
is denoted by Vp Weibull. Vp was also determined 
by using the beta PDF and denoted by Vp beta. The 
estimated and the experimental values of Vp, are given 
in Table 3.

It is clear that a better estimate of the most frequent 
wind speed Vp is obtained by the beta PDF. As a matter 
of fact, the maximal relative error between experiment 
and theory is 6.7 % for the beta PDF and 33 % for the 
Weibull PDF.  Relative errors lie within the range 0.014 
% - 6.65 % for the beta PDF.  The range of variation is 
15 % - 33 % for the Weibull PDF.
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Thus, by considering the most frequent wind speed 
Vp, a better goodness-of-fit of the beta PDF with the 
experimental distribution is demonstrated for the four 
hourly intervals selected, when compared with the 
Weibull PDF.
The fitting of the beta PDF to the experimental data was 
then investigated by using statistical tests. Of course, 
the goodness-of-fit study of a simulation is generally 
performed by calculating certain statistical parameters. 
The root mean square error (RMSE), the mean bias 
error (MBE), the reduced chi-square (c2) (Togrul and 
Togrul, 2002) and the t-value are some of the statistical 
tests often used to evaluate the fitting of a model to the 
experimental data. These tests are defined as follows: 

N is the number of observations while n is the number of 
constants in the model. fexi and fthi are the experimental 
and theoretical values of f.

The statistical tests RMSE, t-value and c2 are displayed in 
Table 4 for the four selected intervals.

The relative small values of the statistical tests indicate 
a fairly good fitting of the b - PDF to the experimental 
frequency distribution of relative wind speed.(18)

(19)

(20)

10:00-11:00

11:00-12:00

14:00-15:00

17:00-18:00

1.3743

1.7111

1.9083

1.5669

1. 6267

2.0693

2.6696

1.9818

1.626

2.069

2.860

1.98

TABLE 3. Estimated (by the Weibull and the beta PDF) and experimental most 
frequent wind speed expected for the selected hourly intervals.

Hourly
interval

Vp Weibull 
(m/s)

Vp beta 
(m/s)

Vp experiment 
(m/s)

Figure 3. Experimental and theoretical frequency distributions 
of relative wind speed in the hourly interval 14:00 - 15:00

Figure 4. Experimental and theoretical frequency distributions 
of relative wind speed in the hourly interval 17:00-18:00

10:00-11:00

11:00-12:00

14:00-15:00

17:00-18:00

0.0957

0.0615

0.0696

0.0410

0.8184

2.2338

1.6816

1.0556

1.833x10-3

4.414x10-3

5.915x10-3

1.961x10-3

TABLE 4. Statistical tests for the goodness-of-fit of the b - PDF.

Hourly
interval

RMSE t-value c2

(21)
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Conclusion

Relative wind speed has been introduced in the present paper. The experimental frequency distribution of relative 
wind speed was calculated and plotted for different hourly intervals. Then a beta kind probability density function 
was used as a model to fit the experimental frequency distributions for different hourly intervals. The b - PDF 
was plotted and compared with the experimental frequency distribution and the Weibull density function. Then 
the comparison between the experimental and theoretical values of the most frequent wind speed Vp showed a 
better fitting of the beta PDF with experimental distribution, compared to the Weibull PDF. Subsequently, the 
goodness-of-fit of the simulation by the beta PDF was assessed by using three statistical tests, i.e. the RMSE, 
the t-value and the c2. The low values of those tests demonstrated that relative wind speed, similar to several other 
meteorological variables, can be modelled by the b - PDF with a good reliability.
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A thermodynamic ana-
lysis based on the 

maximum power has been 
performed for a solar-
driven Carnot heat en-
gine with internal irrever-
sibility. In the analysis, it 
is assumed that the heat 
transfer from the hot re-
servoir is to be in radia-
tion mode and the heat 
transfer to the cold reser-
voir is to be in convection mode. The power function has 
been derived, and the maximization of this function has 

been performed for va-
rious design parameters
in similar specific engine
size, i.e. area ratio bet-
ween hot & cold side re-
servoirs, extreme tempe-
rature ratios between hot 
and cold side reservoirs 
and internal irreversibi-
lities. The effects of design
parameters on the perfor-
mance of the engine have
been investigated.

Keywords: Area    ratio, Curzon-Ahlborn    efficiency, Design 
parameters, Internal irreversibility, Thermal efficiency.
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1. Introduction

In recent years, the performance of a solar driven heat 
engine using the technique of finite time thermodynamic 
analysis has been investigated. The objective function 
chosen for optimization is usually the power output. 
Power optimization studies of heat engines using finite 
time thermodynamics were started by Chambadal [1] 
and Novikov [2] and were continued by Curzon and 
Ahlborn [3].  Firstly, Curzon and Ahlborn [3] studied the 
performance of an endoreversible Carnot heat engine at 
maximum power output. During the last decade, many 
power optimization studies for heat engines based 
on endoreversible and irreversible models have been 
performed [4]. Goktun et al. [5] studied the performance 
of endoreversible radiative heat engines at maximum 
power output conditions. This work was extended to 
the irreversible radiative model by Ozkaynak [6]. An 
analysis of endoreversible Carnot heat engines with 
combined radiation & convection between working 

fluid and hot and cold heat reservoirs was performed 
by Erbay & Yavuz [7].

A power optimization study on a solar driven endore-
versible Carnot engine model was performed by 
Badescu et al. [8]. Wu [9], Chen and Wu [10] and Chen 
et al. [11] have taken the specific power output (power 
output per unit total heat transfer area) as the optimization 
criterion. The first finite time thermodynamic analysis 
for a solar driven heat engine was performed by Sahin 
[12]. He showed the optimal operating conditions for a 
solar-driven heat engine under maximum power output 
conditions. Koyun [13] carried out a comparative 
performance analysis based on maximum power and 
maximum power density criteria for a solar-driven heat 
engine with external irreversibilities. Bejan [14, 15] 
performed a power optimization study for a solar driven 
power plant model. He examined the optimal design 
parameters and optimal distribution of heat transfer 
areas under maximum power output conditions. Chen 
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[16] investigated the optimal performance and design 
parameters for solar driven heat engines consisting 
of a solar collector and a heat engine. In the study, he
determined the optimum operating temperatures of the
working fluid and solar collector. Badescu et al. [17] 
performed a power optimization for a solar driven endo-
reversible Carnot heat engine model. They obtained 
optimal solar collector surface area and temperature 
under maximum power conditions.

This paper analyzes the effects of design parameters 
on performance in the thermal efficiency and power 
output of a solar driven irreversible Carnot heat engine.  

2. The theoretical model

Optimal design parameters can be found on an endo-
reversible heat engine model considering the internal 
irreversibilities attributed to a transfer of radiation 
heat between the solar collector & the upper limit heat 
source. The T-S diagram of the considered reversible 
solar-driven heat engine with internal irreversibilities 
is shown in Figure 1.

The heat engine operates between two extreme tempe-
ratures (TH and TL). In the theoretical model, TX & TY 
correspond to the operating temperatures of the Carnot 
heat engine. If the heat transfer from the hot reservoir is 
assumed to be radiation-dominated then the heat flow 
rate (QH) from the hot reservoir to the heat engine can 
be written as

The heat flow rate, QL from the heat engine to the cold 
reservoir, assuming convection dominance, can be 
written as

In Eqs. (1) and (2), CH and CL are the heat transfer 
coefficients of the hot and cold side heat exchangers, 
respectively.

From the first law of thermodynamics, the power output 
(W) of the cycle is

The thermodynamic efficiency can be written as

From the second law of thermodynamics for an irre-
versible cycle, the change in the entropies of the 
working fluid for heat addition and heat removing 
processes yields,

One can rewrite the inequality in Eq. (5) as                                                                                   

                                                                                                                                                  

With the above definition I will be as 

Substituting equation (1) & (2) in equation (6), we have

Figure 1. T –S diagram of a reversible solar-driven heat engine 
with internal irreversibilities

(1)

(7)

(2)

(3)

(5)

(4)

(6)
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where,  Ar = AH/AL= ratio of area of hot side reservoir 
to cold side reservoir (i.e. sp. engine Size)

I = internal irreversibility

The limiting condition of equation (7) would be

Substituting equation (7) in (3) & (4), dimensionless 

power output                             and the thermal efficiency 

can be expressed as 

where, θ = TX / TH = working fluid temperature; 

τ = extreme temperature ratio =TL / TH; 

x = temperature constant = CHTH
3 / CL                         

To find the optimum working fluid temperature under 
maximum power, Eqn (10) is differentiated with respect 
to θ and the derivative is set to zero and the resulting 
equation is obtained as

4Ar
3 x2θ11 + 8Ar

2I x θ8 - 8Ar
3 x2 θ7 + 4ArI2 θ5 -(8Ar

2I x 
+ 3ArIτ)θ4 + 4Ar

3x2 θ3 - ArIτ = 0                              (11)                     

The optimum values of θ have to satisfy Equation (10) 
for maximum power outputs. The solution of these 
equations has been worked out using the Matlab code.

3. Analysis of results

The normalized power variations (    / Wmax), as
functions of thermal efficiency for various extreme 
temperature ratios (τ), are shown in Figure 2. The 
normalized power output first increases, becomes a 
maximum and then decreases to zero with the increase 
in thermal efficiency for all values of τ. As can be 
clearly seen from the figure, the normalized power 
quickly rises to its maximum at the lower range of 

thermal efficiency for high values of τ. Furthermore, the 
thermal efficiency at maximum power (ηmp) decreases 
as τ increases. This can be seen in the comparisons 
of the Carnot efficiency (ηC = 1- τ) and the Curzon–
Ahlborn efficiency (ηCA = 1- (τ)0.5) with the thermal 
efficiency at maximum power (ηmp) as shown in Figure 
3. The thermal efficiency at maximum power (ηmp) is 
less than the Curzon–Ahlborn efficiency for τ > 0.1. 
This occurs only when τ < 0.1 that ηmp is greater than 
ηCA, which means that as τ crosses 0.1, the efficiency 
starts decreasing. The value of τ will always be less 
than 1 as TL < TH.

(8)

(10)

(9)

Figure 2. Variation of normalized power output with respect to 
thermal efficiency for different τ values (x=0.1, I= 0.8, Ar = 2)

Figure 3. Variations of efficiencies with respect to τ
(for x=0.1, I=0.8, Ar = 2)
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The variation of normalized power output (        / Wmax)
as a function of thermal efficiency for various irrever-
sibility factors (I) is shown in Figure 4. In this case 
also, the normalized power output first increases, 
becomes a maximum and then decreases to zero with 
the increase in thermal efficiency for all values of I,  and 
normalized power rises fast to its maximum for high 
internal irreversibilities. It can also be seen from the 
figure that the thermal efficiency at maximum power 
(ηmp) increases as internal irreversibilities decrease, 
i.e., as ‘I’ approaches unity.

In Figure 5, variations of normalized power with 
respect to thermal efficiency are shown for different 
values of the temperature constant, x. The figure shows 
that the normalized power output reaches its maximum 
at the same thermal efficiency for x >0.2. Furthermore, 
as x increases from 0.01 to 0.2, thermal efficiency at 
maximum power (ηmp) decreases, but after 0.2, ηmp 
remains unaffected by x. This result can be confirmed 
in Figure 6 where efficiency at the maximum power 
output (ηmp) is plotted with respect to x which also 
involves the Curzon-Ahlborn and Carnot efficiencies 
for comparison. Since τ is constant at 0.1, both the 
Carnot and Curzon-Ahlborn efficiencies are constant at 
0.9 and 0.682, respectively. It is seen from the figure that 
as x increases, ηmp gradually drops, but when x>>0.2, 
the efficiency remains unaffected by x. The typical 
values of x for solar-driven heat engine applications 

are expected to be in the order of 1, or even less [13]. 
Furthermore, the figure shows that ηmp is more than ηCA 
only for x < 0.1. Therefore, this could be the limit of the 
temperature constant x for obtaining higher efficiencies 
than the Curzon-Ahlborn efficiency.

In Figure 7, variations of normalized power with 
respect to thermal efficiency are shown for different 
values of the area ratio (Ar). In this case also, the 
normalized power output reaches its maximum at the 
same thermal efficiency when Ar >=5.0. Furthermore, 
the figure shows that as Ar increases from 0.1 to 5.0, 
thermal efficiency at maximum power (ηmp) decreases, 
but after Ar= 5.0, ηmp remains unaffected by Ar. It is 
also observed that the normalized power output first 
increases, reaches a maximum and then decreases 
to zero with the increase in thermal efficiency for 
all values of Ar. The effect of area ratio on thermal 
efficiency at maximum power can be studied in Figure 
8. This figure shows that ηmp is higher than the Curzon-
Ahlborn efficiency only when Ar <3.0. The efficiency 
remains constant after Ar >=5.0. Thus, in the present 
work, Ar <3.0 is found to be the effective range of area 
ratio between the hot side and cold side reservoirs for 
obtaining higher thermal efficiencies than the Curzon-
Ahlborn efficiency at maximum power output.

Figure 5. Variation of normalized power output with respect to 
thermal efficiency for different x values 

(I= 0.8, τ = 0.1 &  Ar = 2)

Figure 4. Variations of normalized power output with respect to 
thermal efficiency for different irreversibility values

(x=0.1, τ= 0.1 & Ar = 2)
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Figure 6. Variations of efficiencies with respect to
x (I= 0.8, τ = 0.1 and  Ar = 2)

Figure 7. Variations of normalized power with respect to thermal 
efficiency for different Ar values ( I= 0.8, τ = 0.1 & x =0.1)

Figure 8. Variations of normalized power with respect to thermal 
efficiency for different Ar values (I= 0.8, τ = 0.1 and x =0.1)

In order to study the effects of τ and x on the optimum 
temperature values, the variations of the working fluid 
temperature at maximum power output, θmp are plotted 
with respect to τ and x in figures 9 and 10, respectively. 
As can be seen from these figures, in both cases, θmp 
increases with the increase in τ and x. The working 
fluid temperature at maximum power output (θmp) 
reaches unity with the increase in τ to 0.8, but it reaches 
almost 0.98 with the increase in x. up to 0.9. However, 
the working fluid temperature should correspond to the 
suitable values of design parameters for engine design 
purpose, as obtained above.

Figure 9. Variation of θmp with respect to
τ  (Ar = 2; I= 0.8 ; x = 0.1)

Figure 10. Variation of θmp with respect to
x  (Ar = 2; I= 0.8; τ  = 0.1)
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Figure 11. Variation of θmp with respect to
Ar (x =0.1; I= 0.8; τ  = 0.1)

The variation of θmp with respect to Ar is plotted in 
Figure 11. It shows that with the increase in area ratio 
between the hot and cold reservoirs, the optimum 
operating temperatures increase and can be as high as 
0.88 when Ar = 12. But if Ar = 2 (the effective value of 
area ratio as obtained in the previous result), θmp would 
be 0.63, as can be clearly seen from the figure.

Conclusion

An investigation into the effects of design parameters on the performance of a solar driven heat engine is 
performed. The results obtained on the effects of design parameters on normalized power output fairly agree 
with those obtained in literature [13]. Additional contributions are made in studying the effects of other important 
design parameters such as internal irreversibilities and area ratio between the reservoirs on normalized power 
output and corresponding thermal efficiency. It is found that the effective area ratio should be less than 3.0 and 
extreme temperature ratios should also be less than or equal to 0.1 for a better performance of thermal efficiency 
at maximum power output, compared to the Curzon-Ahlborn efficiency. Internal irreversibilities should be as 
low as 0.8 for a better performance in thermal efficiency at a maximum power output. It was also concluded that 
normalized power increases first, reaches a maximum then drops to zero with the increase in thermal efficiency 
for all design parameters. It also reaches its maximum value at the earliest range of thermal efficiency for 
high values of extreme temperature ratios and area ratio between the reservoirs and internal irreversibilities. 
An assessment of the working fluid temperature at maximum power output has also been made at the design 
parameters. This study may provide some insight into the operating characteristics and design aspects of a real 
solar driven Carnot heat engine. Further study of this could involve the analysis of the influence of variations in 
solar energy on the optimal performance of solar driven heat engines.
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x

τ

θ

Subscripts

C 

CA

H

L

mp

Superscript



39

ISESCO JOURNAL of Science and Technology
Volume 10 -  Number  17  -  May 2014 (39-48)

Abstract

The present study
deals with the com-

putational analysis of flow
characteristics around a
two-bladed Savonius ro-
tor. For the computatio-
nal investigation, both 2D 
and 3D models of a clas-
sical Savonius rotor were 
analysed with the help 
of the commercial com-
putational fluid dynamic 
(CFD) software ANSYS-
FLUENT. Variations of drag and torque coefficients 
were studied for both the 2D and 3D models at different 
rotor blade angles at each 10° interval. The drag and 
torque coefficients were found to reach their maximum 
at 0° and 30° rotor blade angles respectively. More-
over, the fact that Savonius rotors are self-starting was 

also corroborated from 
the drag coefficient va-
riation. In addition, static 
pressure, velocity, vorti-
city and turbulent kinetic 
energy were analysed for 
the 2D model of which 
vorticity and turbulent 
kinetic energy were not 
examined before using 
CFD. Static pressure and 
velocity magnitude were 
found to reach their maxi-
mum at a 0o rotor angle. 

The vorticity magnitude and turbulent kinetic energy 
were found to reach their maximum at a 30° rotor blade 
angle.

Keywords: Two-bladed Savonius rotor, Drag coeffi-
cient, Torque coefficient, Turbulent Kinetic Energy, 
Vorticity magnitude.

Computational Analysis of 
Flow around a Two-Bladed 

Savonius Rotor
1Bhaskar Jyoti Choudhury 

and 2Gaurav Saraf
1Department of Mechanical Engineering, 

NERIST
2Department of Mechanical Engineering, 

IIT Kanpur
Guwahati-781001, Assam, India

E-mail: bhaskar.mech108@gmail.com, 
gsarafiitk@gmail.com

1. Introduction

The advance of civilization has led to an increased use 
of energy generated from coal and other fossil fuels 
by 1970, in view of their ease of transportation and 
processing [1]. However, the rise in energy demands 
has created a need o generate power from renewable 
energy sources to meet these needs, reduce the use of 
fossil fuels and alleviate the damages resulting from 
these fuels. By the late 20th century, wind energy was 
recognized as an important source of alternative energy 
in the world and the depletion of fossil fuel reserves 
served as a strong impetus in this regard. Figure 1.1
shows the increasing percentage of wind energy contri-
bution to the overall renewable energy supply in the 

last decade. Wind turbines occupy a major segment of 
wind energy converters and are classified as horizontal 
axis wind turbines (HAWTs) and vertical axis wind 
turbines (VAWTs). An important category of VAWTs is 
the Savonius VAWT, introduced by the Finish engineer 
Savonius [3] in 1920s. He divided a cylinder into two 
halves along its central axis and then relocated them 
sideways, which was a redesign of Flettener’s rotor [4]. 

Savonius rotors are used for a variety of purposes 
including water pumping, driving an electrical 
generator, providing ventilation, and agitating 
water to keep stock ponds ice-free during winter 
[5-8]. The Savonius rotor is a slow-running wind 
turbine which explains its lower efficiency when 
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considering the standard design. However, it has 
many advantages for specific applications thanks to 
its simplicity, robustness, compactness and low cost. 
Thus, if the efficiency of the Savonius rotor could be 
improved, then it would provide a very interesting 
complementary source of electricity from wind energy. 
Researchers around the world have carried out a 
good deal of research to improve the efficiency of the 
Savonius rotors for its small scale uses. Islam et al. 
[9], investigating  the aerodynamic forces acting on a 
stationary S-shaped rotor, reported that the net torque 
attained its maximum at a 45° rotor blade angle and 
was negative for the rotor blade angle lying between 
135° and 165°. Sawada et al. [10], studying the rotation 
mechanism of a two semi-cylindrical bladed Savonius 
rotor, stated that a rotor with a gap ratio of 0.21 produces 
positive static torque irrespective of rotor blade angle. 
Research conducted by Grinspan [11] led to the 
development of a new blade shape with a twist for the 
Savonius rotor which reported a power coefficient (Cp) 
of 0.5. A constant speed VAWT is the most widely used 
wind turbine in view of its dynamic advantages [12-
16]. The behaviour of the transient forces generated 
by Savonius rotors is not fully understood even though 
many experiments have investigated the dynamic 
torque and power [17] or static forces [18] generated 
by Savonius rotors. The unsteady forces acting on the 
rotor blades affect the transient lift and drag forces. 
The study of these changes in the drag throughout a 
revolution helps understand the torque generation 
mechanism of Savonius rotors. In the present study, 

both 2D and 3D numerical simulations were carried out 
to observe the transient behaviour of Savonius rotors 
and some flow parameters including static pressure, 
velocity, vorticity and turbulent kinetic energy by using 
the ANSYS-FLUENT 14.0 CFD software. 

2. Computational description

2.1 Physical model 

Savonius turbines are mainly drag-driven devices 
made up of two or multiple blades. The difference in 
the drag forces experienced by the rotor blades causes 
the Savonius turbine to rotate. A descriptive diagram 
of a two-bladed Savonius rotor is shown in Figure 2.1. 
The dimensions of the Savonius rotor used in this study 
have been taken from the literature of Saha et al. [19]. 
The rotor diameter and the rotor height were taken to 
be 19.8 cm and 17 cm, respectively.

2.2 Computational domains

Computational domains for the 2D and 3D models 
of the rotor are shown in Figure 2.2 and Figure 2.3, 
respectively. The geometry is a combination of 3 
domains: the blades, the inner fluid and the outer fluid. 
The thickness of the blades was taken to be 2mm for 
the study. The diameter of the inner fluid domain was 
taken to be 10% greater than the rotor diameter, while 
the outer fluid domain has the dimensions of 10D×5D 
(10D in the wind direction).

Figure 1.1. Contribution of different renewable energy
sources in the last decade [2]

Figure 2.1. Schematic diagram of a two-bladed
Savonius rotor.
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2.3 Computational mesh generation

A quad dominant method was chosen for meshing 
the 2D mesh geometry (shown in Figure 2.4) and the 
3D geometry was meshed with the patch conforming 
Tetrahedron method (shown in Figure 2.5). In both 
cases, the refinement was done to achieve good a 
quality mesh near the rotor blades.

2.4 Computational setup

For numerical simulations, the Standard k-ε Turbulence 
Model was used in transient state. The inlet was given 
a velocity of 10m/s and at the outlet pressure was set 
to zero as boundary conditions. All the walls of the 
computational domain were taken to be free-slip walls. 
The 2nd order upwind discretisation method was adopted 
for the pressure-velocity pairing of the flow. The rotor 
blades were also set to wall boundary conditions.

3. Mathematical formulation

3.1 Turbulence model

In this study, the Standard k-ε turbulence model with
enhanced wall conditions was used. All three momentum 
equations x, y and z components of velocity, turbulent 
kinetic energy (k) and dissipation rate of turbulent 
kinetic energy (ε) have been solved with the help of the 
fluent solver.

The standard k-ε equations can be expressed as two 
equations-

Turbulent kinetic energy equation

Dissipation rate equation

Figure 2.2. 2D-geometry of a Savonius rotor

Figure 2.3. 3D-geometry of a static rotor

Figure 2.4. Meshing of the 2D model near
the rotor blade

Figure 2.5. Meshing of the 3D Savonius rotor model

(1)

(2)
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where G represents the turbulent generation rate and 
σk, σε

, C1ε, C2ε are constants having values of 1.0, 1.3, 
1.44 and 1.92.

3.2 Torque coefficient (Cm)

The torque produced on the advancing and  returning 
blades of a Savonius rotor gives the net rotor torque at 
a particular rotor angle. The static torque is the net rotor 
torque in a static condition and is mainly responsible 
for the starting ability of the rotor. The dynamic torque, 
on the other hand, is defined as the net rotor torque 
at a rotating condition and is mainly responsible for 
its power converting ability. The static and dynamic 
torque coefficients are represented as-

where TS and T are the static and dynamic torques 
produced by the rotor respectively.

3.3 Drag coefficient (Cd) 

The drag force is usually defined as the force parallel 
to the direction of the incoming air flow. The drag 
coefficient (Cd) is expressed as 

where  V Wind speed
u Rotor tip speed.

4. Results and discussion

The observation of various parameters and analysis 
of the flow field were done at Reynolds number of 
Re>1.3×105. 

4.1 Drag and torque coefficient analysis

The working of a Savonius rotor depends greatly on 
the drag forces acting on their blades which vary along 
with the rotor blade angles. Due to this variation, the 
net torque coefficient on the rotor blades also varies 
with the rotor blade angles. The drag coefficient 

(Cd) and torque coefficient (Cm) variations with the 
change in rotor angle (θ) for two-bladed Savonius 
wind turbine model are compared in Figures 4.1.1 
and 4.1.2 respectively for transient case. A combined 
blade effect at a 10° interval from 0° to 180° is shown 
in the plot. Other cases up to 360° will be similar to 
the graph obtained due to symmetrical nature. The 3D 
model depicts a more realistic situation, the drag and 
torque coefficient values are less compared to the 2D 
model which represents an idealistic situation where 
the height of the rotor is taken to be infinite. It is seen 
that the drag coefficient attains its maximum value at a 
0° rotor angle which decreases up to 90°, reaches the 
minimum and then starts to increase. 

The torque coefficient starts to increase from 0° and 
attains its maximum value at a 30° rotor angle. Then it 
drops to a minimum at a 100° rotor blade angle, then 
again starts increasing. Figure 4.1.1 also confirms the 
fact that Savonius rotors are self-starting i.e. they start 
to rotate irrespective of the wind flow direction as the 
drag coefficient value was found to be positive for each 
rotor blade angle.

(3)

(4)

(5)

Figure 4.1.1. Comparison of drag coefficients
at different rotor angles

Figure 4.1.2. Comparison of drag coefficients
at different rotor angles
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4.2 Contour analysis 
The contour plots obtained by CFD simulations play a 
vital role in analyzing the fluid flow parameters around 
the simulated object. In the present study, analysis has 
been carried out for static pressure, velocity, vorticity 
and turbulent kinetic energy for every 30° change in the 
rotor angle varying from 0° to 180°. 

4.2.1 Pressure contour analysis

Variations of the static pressure for different rotor blade 
angles can be seen in Figure 4.2.1.1 and it is noted that 
the maximum change in static pressure has developed 
(144 Pascal) upstream at 0o rotor angle on the concave 
side of the advancing bucket which decreases up to 
the 60° rotor angle and then starts increasing. This 
increasing static pressure acts on the convex side of the 
advancing bucket and the point of action starts to move 

away from the rotor tip to the middle of the rotor blade. 
It is also noted from Figure 4.2.1.2 that the minimum 
static pressure is developed behind the rotor for 0°, at 
the convex side of the advancing side up to 90° and 
then at the concave side.

Figure 4.2.1.1. Comparison of maximum static pressure
developed at different rotor angles 

Figure 4.2.1.2. Contours of static pressure at different rotor blade angles
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4.2.2 Velocity contour analysis

Variations in the velocity magnitude at different 
rotor angles is depicted in Figure 4.2.2.1 where it is 
observed that near the advancing rotor blade tip the 
velocity attains its maximum at a 0° rotor blade angle. 
At this rotor blade angle, the primary torque produced 
becomes maximal due to its maximum wetted area. 
This velocity then decreases until a 120° rotor angle 
and then starts to increase. Figure 4.2.2.2 shows that 
the point of action of the decreasing maximum velocity 
starts to move away to the middle of convex side of 
the advancing blade till it reaches a 90° rotor angle and 
then again comes sharply nearer to the rotor tip.

Figure 4.2.2.1. Comparison of maximum velocity
developed at different rotor angles 

Figure 4.2.2.2. Contours of velocity magnitude at different rotor blade angles
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4.2.3 Vorticity contour analysis

Figure 4.2.3.2 shows the contour plots and Figure 
4.2.3.1 the variations in vorticity magnitude at different 
rotor blade angles for every 30° change in the rotor 
blade angle. It is observed that the vorticity magnitude 
increases to attain its maximum at 30° but its area of 
influence is minimal at that angle. Then vorticity starts 
to diminish to a 90° rotor blade angle increasing its 
area of influence and then again starts decreasing its 
influence area. As the area of influence of the vorticity 
is minimal at 30° energy losses are minimal in this 
case, and hence the maximum moment coefficient is 
obtained in this angular position. If we compare the 
vorticity area of influence at various angular positions 
with the corresponding torque coefficient, we will 

conclude that positions where the influence area is 
greater have relatively lower torque coefficients. This 
occurs because the larger the area of influence of 
vorticity the higher the energy dissipation resulting 
from flow disruption. 

Figure 4.2.3.1. Comparison of maximum vorticity
at different rotor blade angles

Figure 4.2.3.2. Contours of vorticity magnitude at different rotor blade angles
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4.2.4 Turbulent kinetic energy contour analysis

The contour plots and variation of turbulent kinetic 
energy at different rotor blade angles is shown in 
Figures 4.2.4.2 and 4.2.4.1. It is observed that the 
maximum turbulent kinetic energy increases until 
a 30° rotor angle, then decreases to its minimum at 
a 90° rotor blade angle. After attaining its minimum 
value, the maximum turbulent kinetic energy starts to 
increase again with the increase in rotor blade angle. 
Turbulent kinetic energy attains its maximum value at 
a 30° rotor angle because the magnitude of vorticity at 
this angle is maximal and both these two parameters 
occur at the tip of the advancing blade. The variation 
of turbulent kinetic energy is similar to that of vorticity 

magnitude because the more vortices form the higher 
the turbulence. The higher the vorticity magnitude the 
more it influences the magnitude of turbulent kinetic 
energy.

Figure 4.2.4.1. Comparison of turbulent KE magnitude
at different rotor blade angles

Figure 4.2.4.2. Contours of turbulent kinetic energy at different rotor blade angle
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Conclusion

A numerical analysis of the aerodynamic characteristics of a two-bladed Savonius rotor was carried out in this 
study.

• The drag and torque coefficients were obtained by simulations for every 30° change in the rotor blade angle 
varying from 0° to 90°. It was observed that the drag and torque coefficients attain their highest value at 
0° and 30° rotor angle respectively. In addition, the drag coefficient was found to be positive for each rotor 
blade angle, which verifies the fact that Savonius rotors are self-starting. 

• It was also observed that the static pressure at concave face and the velocity magnitude near the rotor tip 
of the advancing bucket were maximum at a 0° rotor angle. 

• The vorticity magnitude and the turbulent kinetic energy were observed to reach their maximum at a 30° 
rotor blade angle.
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Nomenclature

AR

D

d

Cd

Cm

Cms

e

H

V

u 

K

Ρ

θ

Re

Aspect Ratio of Blade (H/D)

Rotor Diameter (m) 

Chord Length of the Blade(m) 

Drag Coefficient

Torque Coefficient

Static Torque Coefficient

Gap Between the  Blades (m)

Height of the Blade (m)

Wind Speed (m/s)

Rotor Tip Speed(m/s)

Turbulent Kinetic Energy (J/kg)

Density of Air (1.225 kg/m3)

Rotor Blade Angle (degree)

Reynolds Number
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Abstract

In this article, a nume-
rical simulation model 

is presented to study the 
performance of a mul-
tistage solar capillary 
film distiller. The various
phenomena of heat and 
mass transfers were con-
sidered to evaluate distil-
late production. In order
to appreciate the deve-
loped model, numerical 
calculations were carried
out to optimize various de-
sign parameters, namely 
the number of stages, the 
flow and temperature of 
brackish water and the

cavity form factor in-
herent to the climate in 
Adrar, southern Algeria. 
Numerical results are 
also presented in this 
paper and show that the 
daily production of distil-
late increases in tandem 
with the increase in nu-
mber of stages. However, 
the partial fraction of this 
production increase de-
creases inversely the ad-
dition of each new stage.

Keywords: Capillary 
film, Numerical simula-
tion, Production, Solar 
still, Stage. 
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1. Introduction

The scarcity of drinking water caused by drought and at 
the same time by excessive exploitation of underground 
waters, is becoming a major threat to populations’ 
lives in many regions. Yet, sources of water with 
a certain salt content exist in the vicinity of many 
areas suffering from drinking water shortage. Solar 
distillation is considered not only as an economical 
and environment-friendly solution, but also as a real 
alternative to conventional fossil fuel energies. The 
works of Malik et al. [1] illustrate the considerable 
volume of research carried out to study conventional 
basin-type solar stills. To improve distillate production,  
several configurations were designed to enable the re-
use of the latent heat of released evaporation (Cooper 
and Appleyard, R.S. Adhikari et al. [2], Ho-Ming Yeh 
et al. [3]). Other multi-effect distillers using capillary 

films were proposed by B. Bouchekima [4], and H. 
Tanaka [5]. For our part, we propose to study the 
effects of certain parameters such as the number of 
stages, the flow and feeding temperature of brackish 
water and the cavity form factor on the production of 
a multistage solar capillary film distiller (DIFICAP). 
For this purpose, we established an equation system 
governing the distiller’s operation and the various 
coefficients of heat and mass exchange. A numerical 
simulation enabled us to obtain the results represented 
in the graphics, followed by analysis and discussion.

2. Modeling and Numerical Simulation
The various flows of heat and mass transfers of a multi-
stage capillary solar film distiller are illustrated in Figure 1.
The prevailing environment temperature and the 
material and energy balances are obtained as follows:
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2.1 Energy balance of the glass cover

After development of all the terms, the assessment 
becomes:

The coefficients of heat transfer by radiation and 
convection can be calculated as [6, 7].

The sky temperature is estimated using the following 
formula:

It is obvious that ambient temperature plays a key role 
in the distillation process. To calculate this temperature, 
we propose using the Parton and Logan formula [8].

2.2 Result of first evaporator plate
The thermal balance is:

Figure 1. Thermal processes of a multistage solar capillary film distiller

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)
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The coefficient of heat transfer by convection hc(p1,p2)

can be written as [13]:

2.3 Energy balance for J th plate (j=2… (n-1)): 

For each plate the thermal balance is given by:

Using the same expressions (3) and (10), the preceding 
equation becomes simplified as:

2.4 Energy balance for nth plate

The last plate is considered as a simple condenser and 
the heat transfer assessment is expressed by: 

After developing formulation (13) using the same 
reasoning as for preceding ones we obtain:

Since the heat and mass transfers obey to the Chilton-
Colburn analogy, the following correlation may be 
obtained [9]:

If we substitute the definition equations for Nu and Sh 
in Eq. (15), we can obtain

By the transposition of these limits, the equation 
changes into

Where Sc/Pr=Le and a/Dm=Le, put n=1/3, Eq. (17) can 
be written as

The produced mass per surface unit of evaporation in 
the solar still is

Substituting the h(m(j,j+1)) of Eq. (18) in Eq. (19), we can 
obtain

Although

(9)

(10)

(11)

(12)

(13)

(15)

(14)

(16)

(17)

(18)

(19)

(20)

(21)



Zerrouki, Settou, Marif, Benhammou, Belhadj / ISESCO Journal of Science and Technology - Volume 10, Number 17 (May 2014) (49-55)

52

The computing program is in FORTRAN90 write. 
Convergence is considered as attained when the relative 
error is inferior to 10-4. A numerical approach using the 
Runge-Kutta-Fehlberg 4 method (5) was chosen to 
resolve the mathematical model obtained [10, 11], and 
resolve the system of first order differential equations. 

3. Discussion and analysis of findings

Calculations are carried out in the location of Adrar 
(geographical coordinates: latitude 27°.53 north, 
longitude 0°.17 east, and altitude 264m), with a time 
difference of one hour [10] as from an initial moment 
“t0=tsr” (from sunrise) for each component of the 
distillers, and at an initial temperature. The  standard 
day considered is 15 September, the inclination angle 
is set at 38°, the wind speed is considered to be constant 
at 1.5 m/s, the flow rate of brackish water is fixed at 
1kg/h except when studying the influence of flow on 
the daily production.   

The thermo-physical and geometrical properties of 
the component of the distiller are presented in the 
following table:

Figure 2 illustrates the evolution of the glass and 
plates’ temperature in a 5-stage solar still. It is 
noted that the curves are superimposed, and that the 
absorbing plate’s temperature is higher while the last 
plate’s temperature (a simple condenser) is neighboring 
ambient temperature.

Figures 3 and 4 show the progression of daily production 
in cumulated distilled water and the mass flow at each 
respective stage. It is clear that the distillate’s quantity 
decreases as it moves from one stage to the next. These 
results are in keeping with those obtained in other 
literature [4].

Density 

Thermal 

Conductivity

Specific heat

Absorptivity

Transitivity

Thickness

Emissivity

Area

2700

0.78

840

0.1

0.9

0.003

0.9

1.00

7864

20

460

0.95

0

0.001

0.2

1.00

TABLE 1. Thermo-physical properties

Parameters Symbols Glass Plate

r

l

Cp

a

t

e

A

Figure 2. Temperature evolution of the glass and the plates of a 
5- stage distiller

Figure 3. Evolution of cumulated flow of a 5-stage solar still

Figure 4. Evolution of mass flow of a 5 -stage distiller
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The variation of the daily production in distillate as 
per number of stages is represented by Figure 5. We 
note that this production increased with the addition 
of each new stage. However, the fraction of increase 
drops inversely with the number of stages as is shown 
in Figure 6. This trend dictates the optimization of 
the number of stages in response to techno-economic 
considerations.      

The analysis of the curves in Figures 7 and 8 enabled 
us to note that the distillate’s daily production is 
strongly influenced by the brackish water’s feed rate.  
The production of a 5-stage solar still decreases from 
17.5 kg/ day.m2 to less than 12 kg/ day.m2 when the 
flow increases by 1kg/h at 2.2 kg/h. On the other hand, 
this production is less influenced by variations in the 
temperature of the brackish water feeding the distiller. 
The distillate’s quantity increases from 13.70 kg/ day.m2 
to more than 18 kg/ day.m2 when the brackish water’s 
temperature increases from 30 °C to 60°C.

The influence of the form factor which is the link 
between the distance (evaporator-condenser) and 
cavity length L/d(pj,pj+1) is represented in Figure 9 which 
shows that distillate production increases when this 
distance varies in the opposite direction, although to a 
marginal extent. The curve indicates that this quantity 
drops from 15 kg/ day.m2 to less than 13.5 kg/day.m2 
only when the distance decreases by 4 to 2.5 cm.

Figure 7. Variation of the solar still’s daily
production as per flow rate of feed

Figure 8. Variation of the solar still’s
production as per feeding water’s temperature 

Figure 9. Variation of the solar still’s daily
production as per form factor

Figure 6. Variation of fraction of increase in
production as per number of stages

Number of stages

Figure 5. Variation of daily production
as per number of stages

Number of stages
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Conclusion

A numerical model was developed to measure the  functioning of a multistage solar capillary film distiller. 
The model’s viability is investigated in light of all the typical parameters inherent to the Adrar site in Algeria. 
Analysis of the results obtained during the numerical simulation of the effects of design and operation parameters  
enables us to draw the following conclusions:   

Distilled water production increased with the addition of each new stage. However, the fraction of increase drops 
inversely with the number of stages.

The production of distilled water is influenced by the feeding rate, and to a lesser extent by the feed water’s 
temperature and the form factor of the still cavity.
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Nomenclature

Thermal Diffusivity  (m2/s)
Area (m2)
Specific heat (J/kg.°C)
Distance (m)
Gravity  (m/s2) 
Total radiation (w/m2)
Heat transfer coefficient (w/m2°C)
Mass transfer coefficient (m/s)
Inclination angle (°) 
Length (m)
Lewis number
Latent heat (J/kg)
Mass (kg)
Mass flow rate of brine (kg/m2)
Distillate mass flow (kg/m2)
Nusselt Number 
Prandtl Number 
Heat flow (w)
Rayleigh Number  
Time (s)
Temperature (°C)
wind Speed (m/s)

Absorption factor
Emissivity factor
Thickness (m)
Thermal conductivity (w/m°C)
Density (kg/m3)
Boltzmann constant (w/m2. °C4)
Transmission factor 
Kinematic viscosity (m2/s)

Ambient
Humid air 
Feeding temperature
Dry air
Convection
Evaporation 
Plate 
Radiation
Glass 
Water

a :
A :
Cp :
d :
g :
G :
h :
hm :
i :
L :
Le :
Lv :
m :
m ̇ :
(md) ̇ :
Nu :
Pr :
Q :
Ra :
t :
T :
V :

Greek symbols
a :
 :
e :
l :
r	 :
s :
t :
u :

Subscripts
a :
ah :
f :
Da :
c :
e :
p :
r  : 
g :
w :
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Abstract

Solar irradiance was 
recorded by pyrano-

meter in 2012 on horizon-
tal, vertical and latitude 
tilt levels in Peshawar, 
Pakistan. Perfect correla-
tion was established bet-
ween solar irradiance at 
different tilted surfaces 
and month of the year. 
The irradiance was high at a tilt angle of 340 (equal 
to the latitude of Peshawar-Pakistan) with R2 value of 
0.989. The Chi-square goodness-of-fit test showed that 
there is a significant (P < 0.001) increase in daily solar 
irradiance if we changed the angle from vertical to ho-
rizontal. Also, there is a significant (P < 0.000) increase 
if we changed the angle from both vertical and horizon-
tal to latitude. Five different solar irradiance models, 

namely Dissing and Wen-
dler, Iqbal, Loutzenhiser 
et al., Salaymeh and Ali 
et al. were evaluated in 
terms of two statistical 
criteria including the cor-
relation coefficient (R2) 
and the root mean square 
error (RMSE) to find the 
correlation of solar irra
diance at different tilt 

angles. In light of these investigations, it becomes clear 
that the Ali et al. model was able to describe the hourly
solar irradiance at its best with R2 and RMSE values 
of 0.99, 0.08 for horizontal surface, 1.00 and 0.07 
for tilted surface and 0.98, 0.09 for vertical surface.

Keywords: Correlation, Modeling, Solar irradiance, 
Tilt angles, Peshawar, Pakistan
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1. Introduction

Sun is a phenomenal source of renewable energy for 
all living creatures.  At the sun’s core,  hydrogen nuclei 
are combined to form helium nuclei in a thermonuclear 
fusion process where the excess binding energy is 
released into the body of the sun [3]. This energy is 
released by the sun at the rate of 3.83 × 1026 W from 
the entire sun which is 6.33 x 107 W/m2 from its unit 
area. Most of the electromagnetic radiation reaching 
the earth emanates from the sun’s spherical outer shell 
of hot dense gases called the photosphere. Energy 
then travels from the sun and reaches the earth’s outer 
atmosphere at a value of 1367 W/m2. About 8% of this 
energy is in the ultra-violet region, 44% is in the visible 
region, and 48% is in the infra-red region. 30-35 % of 
this energy is affected by scattering, absorption and 

reflection. Almost 6-8 % is scattered due to molecules 
of air and dust particles while other absorbents of solar 
radiation, accounting for 3-5%, are ozone molecules and 
water vapors. 19-20% of the sun’s incident radiation is
reflected back by the earth’s atmosphere. The solar 
radiation that reaches the earth is 5-6 kW/m2/day [10]. 

Solar radiation is essential to life on earth. It affects 
the weather processes which determine the natural 
environment for the production of all our agricultural 
produce and sustain the food chain through the process 
of photosynthesis. Photosynthesis is a biological 
phenomenon that describes the ability of plant life to 
convert light into chemical energy for growth.  Solar 
radiation or solar irradiance is energy in the form of 
photons that reaches the earth. It is vitally important not 
only for plants but also for the whole solar system to 
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stay in balance and supply a cheap source of renewable 
energy [5, 6]. This energy is utilized by solar collectors 
or photovoltaic panels to produce the required energy. 
Solar energy is also of great import to civil engineers 
in regard to its usage in building and structures. The 
sun is equally important in supplying heat or coolness 
to cold climate countries and hot ones, respectively. 
An increase or decrease in solar radiation intensity not 
only affects plant life but has an equally drastic impact 
on the environment in any region [11].

A solar system receives maximum solar intensity 
if it is tilted at an angle equal to the latitude of that 
particular area. A photovoltaic system or solar collector 
may be installed for its maximum performance around 
the year, if the tilt angle is equal to the latitude of that 
area or + 10o to catch maximum solar irradiance. Solar 
irradiance decreases significantly with the  change in 
the tilt angle from that of a particular area’s latitude 
[7; 20].

Recourse to solar energy technology is growing as a 
result of the energy crisis in Pakistan. Research should 
be conducted to investigate and model solar irradiance 
at different tilts in different regions of Pakistan such as 
Karachi, Lahore, Peshawar, Hyderabad etc [1; 2; 11; 
13; 19]. No such studies have been reported elsewhere 
on solar irradiance at different tilts or a mathematical 
modeling that best describes the solar irradiance in
Peshawar, Pakistan. Therefore, this study was conducted 
to determine the solar irradiance variations at three 
different tilts (horizontal, vertical and latitude) in 2012, 
as well as to evaluate the best possible model that 
describes solar irradiance in Peshawar. 

2. Materials and Methods

2.1 Site Selection

The data were recorded at the Department of Agri-
cultural Mechanization, University of Agriculture, 
Peshawar, Pakistan. It is located within the 34°01 N 
latitude and 71°35 E longitude coordinates 

2.2 Recording the solar irradiance

Digital pyranometers were used record solar radiation.  
The data recorded were in Btu. ft-2. hr-1, which was 

converted to the standard unit of kWh. m-2. day-1 
and the data were divided by a constant 317.1. The 
pyranometers were set at three different levels. One at 
a horizontal or beam normal level making an angle of 
0°, the second at a tilting angle of 34° which equaled 
the latitude of Peshawar, Pakistan, and the third at 
the vertical level making a 90° angle.  The data were 
calculated using the following Eq.1 formulated by 
Hanif et al., in 2012.

Where Si is the incident solar irradiance [kWh.day-1.m-2],
Vc is the reading recorded by the pyranometer, Gp is 
the pyranometer constant (0.88 is for the pyranometer 
used in the experiment) and C is the conversion constant 
which is 317.1. The site was made perfect to receive 
maximum solar irradiance as there was no shading of 
any structure or any object in the path of solar rays 
falling on the pyranometers from dawn to dusk.  In 
accordance with the aim of this study, the data of solar 
irradiance at horizontal, vertical and latitude tilt levels 
were correlated with the months of the year to determine 
the effectiveness of the global solar irradiance at these 
levels. A software named SPSS, version 16, was used 
for the Chi square test to show how much variation was 
recorded among the data collected at different levels.

2.3 Modeling solar irradiance 

Solar irradiance data at different tilts were tested in the 
five proposed irradiance models given in Table 1. Two 
statistical indicators were employed including the root 
mean square error (RMSE) given in Eq. 2 suggested by 
Saima, 2002, and the correlation coefficient (R2) given 
in Eq. 3  proposed by Pereze et al., 1986. 

Where MR exp,i is the ith experimental moisture ratio, 
MR pred,i is the ith predicted moisture ratio, N is 
the number observations and n the number of drying 
constants. Since RMSE follows an opposite trend to

(1)

(2)

(3)
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3. Results and discussion

3.1 Solar irradiance

Data recorded at different tilt angles for the year 
2012 are given in Figure 1. The figure shows that 
solar irradiance is higher around the year at a tilt 
angle equal to latitude. At latitude, the curve has a 
chi-squared value of 0.987 and R2 0.989, showing a 
good correlation between solar irradiance and month 
of the year. The solar irradiance at the horizontal level 
is bell shaped with a chi-squared value of 0.998 and  
R2 0.926 , which shows higher solar irradiance  in the 
months of May to September, whereas lower values 
are recorded in the months of September to April from 
the mean solar irradiance. Similarly, at a vertical level, 
a chi square value of 0.675 and R2 0.113 shows poor 
correlation between solar irradiance and months of the 
year 2012. The vertical level received minimum solar 
irradiance throughout the year. The above results are in 
accordance with the findings of Hanif et al., (2012) who 
recorded the same solar irradiance values in Peshawar. 

The results are also in concordance with the findings 
of Asif et al., (2012) and  Akhlaque et al., (2010) who 
recorded the same solar irradiance values in Lahore 
and Hyderabad, Pakistan.

The chi-square goodness-of-fit test is given in Table 2
and shows that there is a significant (P < 0.001) 
increase of daily solar irradiance if we change the angle 
from vertical to horizontal. Also, there is a significant 
(P < 0.000) increase if the angle is changed from both 
vertical and horizontal to latitude. The results of solar 
radiation intensity are in agreement with the findings of 
Ali et al. (2008) and Lario et al. (2003) who recorded 
solar radiation intensity with the help of pyranometers. 
These results are also in concordance with the findings 
of Iftikhar et al. (1996), Umar et al. (2003) and Muneer 
et al. (2004).
The Mean values indicated by different letters are 
significantly different from each other at 1% probability 
level.

Dissing and Wendler

Iqbal

Loutzenhiser et al.

Salayme

Ali et al.

[3+ cos (2S)] /4

(1-S) / 180

1/3 [2+ cos(S)]

0.51.rb + [(1+cos(S)/2] - 1.74/1.26π

[1+ cos(S)]/2 

TABLE 1: Models tested for solar radiation at different tilts in Peshawar, Pakistan

Model Equation

[4]

[10]

[12]

[18]

[1]

Reference

Horizontal

Vertical

Latitude

0°

90°

34°

0.926

0.119

0.989

0.998

0.675

0.917

0.001

0.630

0.000

3.9a

2.9b

4.4c

TABLE 2: Statistical analysis of solar irradiance at different tilts

Tilting level Tilt Angle R2 Chi-square Probability Mean

that of R2, the best model that could describe the solar 
radiation in Peshawar, Pakistan, was selected as the 

highest value of the correlation coefficient (R2), and the 
lowest value of RMSE.
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Figure 1. Solar irradiance Vs month of year

3.2 Mathematical modelling of solar radiation

Table 3. shows the results of the regression analyses 
performed on the experimental data. The model that 
best described the thin layer drying characteristic is 
the one that gives the highest R2 and the lowest RMSE 
values. Based on the two criteria, the model of Ali et al. 
was found to best describe the hourly solar irradiance 
with R2 and RMSE values of 0.99, 0.08 for horizontal 
surface, 1.00 and 0.07 for tilted surface, and 0.98, 
0.09 for vertical surface. In light of investigations, it 
is obvious that Ali et al.’s model, as proposed in this 
study (bold), was able to describe the solar irradiance 
at its best. These results are in concordance with the 
findings of Saima (2006), Reindl et al. (1990), Perez et 
al. (1986) and Iqbal (1983).

Dissing and Wendler

Iqbal

Loutzenhiser et al.

Salaymah

Ali et al.

0.89

0.89

0.99

0.92

0.99

0.25

0.26

0.08

0.21

0.08

0.89

0.89

0.91

0.95

1.00

0.08

0.08

0.22

0.24

0.07

0.91

0.95

0.91

0.96

0.98

0.20

0.09

0.20

0.21

0.09

TABLE 3: Models tested for solar radiation intensity on different tilted surfaces in Peshawar, Pakistan

Model
Horizontal Tilted (Latitude) Vertical

R2 RMSE R2 RMSE R2 RMSE

Conclusion and Recommendation

In the light of these findings, it was concluded that Peshawar, Pakistan receives maximum solar irradiance at 
its latitude of (34°). Therefore, if a solar system is installed at a tilted angle of 34° which is equal to Peshawar’s 
latitude, it will result in a maximum solar irradiance and energy to utilize. 

Among the five proposed solar irradiance models discussed in this paper, it was found that the model of Ali et al. 
gave the best solar irradiance correlation with the measured ones [1].
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Abstract

In this study, a non-pa-
rametric method of 

data envelopment analy-
sis (DEA) was applied to 
analyze the efficiency of
farmers, distinguish bet-
ween efficient and ineffi-
cient farmers and identify 
wasteful uses of energy in 
potato production in the 
province of Ardabil, Iran. 
For the purposes of this 
study, data were collec-
ted from 60 potato farms 
using a face-to-face ques-
tionnaire in May-June 
2012 and farms were se-
lected based on a random 
sampling method. The 
following results were obtained for this study: from a 
total of 60 farmers considered for the analysis, 28.33% 
and 40.00% were found to be technically and pure 
technically efficient, respectively. The average values 
of technical, pure technical and scale efficiency scores 

of farmers were 0.881, 
0.923 and 0.954, res-
pectively. The optimum 
energy requirement was 
found to be 89786.21 
MJ ha-1, indicating that 
14.43% of the total en-
ergy input could be sa-
ved while maintaining 
a constant level of po-
tato yield, if the present 
study’s recommenda-
tions are followed. Out 
of the total energy sa-
vings, the contribution 
of chemical fertilizer 
energy was the highest. 
Energy use efficiency 
was calculated at 1.08 
and 1.26 in the present 
and target conditions 

respectively, indicating that the optimization of en-
ergy use improved energy use efficiency by 16.86%.

Keywords: Data envelopment analysis, Energy indices, 
Potato, Technical efficiency.
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1. Introduction

Energy in all its forms is essential to humanity and is 
crucial to the improvement of the quality of life. The 
continuous increase in energy demand, the inevitable 
decline in fossil fuel reserves and growing climate 
change concerns have sparked a number of initiatives 
from governments around the world to increase energy 
production from renewable sources (Quintero et al., 
2008). The relation between agriculture and energy 
is very close. Agriculture itself is an energy user and 
supplier in the form of bio-energy (Alam et al., 2005). 

Energy use in agriculture has developed in response 
to population growth, limited supply of arable land 
and the aspiration to a better standard of living. In all 
societies, these factors have encouraged an increase 
in energy inputs to maximize yields, minimize labor-
intensive practices, or both (Esengun et al., 2007).

Potatoes (Solanum tuberosum L.) are grown worldwide 
under a wider range of altitude, latitude, and climatic 
conditions than any other major food crop, and from 
sea level to over a 4000 meter elevation. No other crop 
can match the potato in its production of food energy 
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and food value per unit area (Sieczka et al., 1993). It 
is also high in vitamin C, niacin and vitamin B6. Yet, 
the potato plant has one of the heaviest production 
demands in fertilizer inputs of all vegetable crops. 
Its nitrogen (N), phosphorus (P) and potassium (K) 
requirements are, respectively, 100, 100 and 33% 
greater than those required in the tomato or pepper 
plant production (Maynard et al., 1997). As a result, 
potatoes are grown in countries where the prevailing 
mean air temperatures are around 15-18 °C during the 
growing season and rainfall or irrigation provide ample 
water (Ben Khedher et al., 1985). 

There are several parametric and non-parametric tech-
niques to measure efficiency in agricultural production 
systems. Data Envelopment Analysis (DEA) is a non-
parametric linear programming (LP) based technique of 
frontier estimation for measuring the relative efficiency 
of a number of decision making units (DMUs) on the 
basis of multiple inputs and outputs (Mousavi-Avval 
et al., 2012). In recent years, many authors have 
applied DEA in agricultural research: Mousavi-Avval 
et al. (2011) employed the DEA technique to analyze 
the efficiencies of apple producers in the province of 
Tehran in Iran. Results indicated that 11.3% of total 
energy input could be saved if the recommendations of 
this study are followed. Mobtaker et al. (2012) applied 
a DEA approach to determine the efficiency scores of 
alfalfa producers with regard to eight input parameters 
of machinery, diesel fuel, seed, human labor, farmyard 
manure, fertilizers, biocides and electricity energy 
inputs, and the alfalfa yield as the output parameter. 
The results showed that 9.4% of input energy could be 
saved if the farmers followed the results recommended 
by this study.

The aim of this research is to analyze the input and 
output energy for mechanized cultivation in potato 
production using a data envelopment analysis approach 
in Iran’s Ardabil province. It also identifies operations 
where energy savings could be made by changing the 
practices in use in order to increase the energy ratio and 
propose improvements to reduce energy consumption 
in potato production.

2. Materials and Methods

In this paper, the DEA approach was used to analyze 
the data with the aim of optimizing the performance 
measure of each production unit or each potato farm 
and determining the most favorable ones. The data used 
in this study were collected from 60 potato farms in 
Ardabil, Iran. This province is located in the northwest 
of Iran, within 34˚ 04 n and 39˚ 42 n north latitude and 
47˚ 02 n and 48˚ 55 n east longitude. Data were collected 
from the growers by using a face-to-face questionnaire 
filled in May-June 2012. Farms were randomly selected 
from the villages in the study area and the selection 
of potato producers was based on a random sampling 
method (Kizilaslan, 2009; Mobtaker et al., 2010).

These data included the volume of the inputs used in 
potato production such as human labor, machinery, 
diesel fuel, chemical fertilizer, biocide, water for 
irrigation and seeds, and the potato yield as an output. 
Each farmer was called a Decision Making Unit 
(DMU). To calculate technical efficiency all inputs and 
output must be weighted. Therefore, the inputs and 
output were transformed into energy terms by multiply 
their quantity per unit area by the coefficient of energy 
equivalence. Table 1 shows the amounts of energy 
inputs and output in potato production. As can be seen, 
there is a wide variation in the quantity of energy inputs 
and output for potato production. This indicates that 
there is a great scope for optimizing energy use and 
improving the efficiency of energy consumption by 
potato production in the region.

2.1. Data envelopment analysis technique

The DEA is an analysis method to measure the relative 
efficiency of a homogeneous number of organizations 
that essentially perform the same tasks (Cooper et al., 
2006). In this case, they are potato production farms. So, 
the values of energy consumed from different energy 
inputs (MJ ha-1), as mentioned above, were defined as 
input parameters, and the yield of potato production 
(kg ha-1) was defined as the output parameter. Also, 
each farmer was called a DMU. The data analysis 
was carried out with the help of the Frontier Analyst 
software.
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Inputs 

1. Human labor

2. Machinery 

3. Diesel fuel

4. Chemical fertilizers

5. Biocides

6. Irrigation water 

7. Seed

Total energy input

Output energy

1.Potato

1014.76

1626.44

14847.86

51148.33

657.50

21935.10

13698.00

104927.99

113430.00

183.49

364.80

3742.03

18374.62

299.30

7416.71

2933.97

23687.53

17453.19

1479.80

2591.93

24660.50

109292.00

1800.00

41008.00

18000.00

152242.8

154800.00

748.72

947.06

8100.66

22574.00

120.00

8201.70

1440.00

44669.98

72000.00

TABLE 1. Amounts of energy inputs and output in potato production

Item (unit)
Total energy equivalent

(MJ ha–1)
SD Max Min

In DEA, an inefficient DMU can be made efficient 
either by reducing the input levels while holding the 
outputs constant (input oriented); or symmetrically by 
increasing the output levels while holding the inputs 
constant (output oriented) (Mousavi-Avval et al., 
2011). The choice between input and output orientation 
depends on the unique characteristics of the set of 
DMUs under study. In this study, the input oriented 
approach was deemed to be more appropriate because 
there is only one output while multiple inputs are used 
(Galanopoulos et al., 2006). 

DEA has two models including the CCR and BCC 
models. The CCR DEA model was developed by 
Charness et al. (1978) and assumes constant returns to 
scale. It measures the technical efficiency by which the 
DMUs are evaluated for their performance compared 
to other DMUs in a sample (Cooper et al., 2006). On 
the other hand, the BCC DEA model developed by 
Banker et al. (1984) assumes variable returns to scale 
conditions. It decomposes the technical efficiency into 
pure technical efficiency for management factors and 
scale efficiency for scale factors. Thus, pure technical 
efficiency is the technical efficiency that has the effect 
of scale efficiency removed (Mousavi–Avval et al., 
2011a). Scale efficiency gives quantitative information 

of scale characteristics; it is the potential productivity 
gain from achieving the optimal size of a DMU. Scale 
efficiency can be calculated by the relation between 
technical and pure technical efficiencies as below 
(Nassiri et al., 2009):

The concept of three types of efficiencies is graphically 
illustrated in Figure 1 where  the straight line of MN 
that passes through the origin and the extreme data 
point presents the envelope of the data set with constant 
returns to scale, while the envelope of the data set with 
variable returns to scale is depicted by a piecewise line 
joining P1, P2, P3 and P4. The DMU situated on the 
MN line is considered as efficient and has a technical 
efficiency score of 1. Also, all the DMUs situated on the 
piecewise line (P1, P2, P3 and P4) have a pure technical 
efficiency score of 1. Finally, the scale efficiency for 
DMUs that have both a technical and pure technical 
efficiency score equal to 1 is unity, such as P2, whereas 
it is less than one for the other DMUs (Mousavi–Avval 
et al., 2011b).

Considering DMU 7 (P7) in Figure 1, its input and 
output are given by AD and MA, respectively. B and C 

(1)
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are the points of intersection of the AD line with the MN 
line and the piecewise line of the envelope of the data 
set. One can infer from this that AB is the ideal input 
required to produce output B on MN, if a constant return 
to scale is to prevail. However, if considering a variable 
return to scale, one can relax the input requirement to 
be equal to AC to be able to produce output B on MN. 
One can now define the various efficiencies as follows 
(Chauhan et al., 2006):

In the analysis of efficient and inefficient DMUs, the 
energy saving target ratio (ESTR) index was used as 
follows (Hu et al., 2007):

where the energy saving target is the total reducing 
amount of input that could be saved without decreasing 
the output level and j represents the jth DMU. ESTR 
represents the inefficiency level for each DMU with 
respect to energy use. The minimal value of energy 
saving target is zero, so the percentage of ESTR will 
be between zero and 100. A zero ESTR percentage 
shows the DMU on the frontier, such as efficient ones. 
On the other hand, for inefficient DMUs, the ESTR 

percentage is larger than zero and means that energy 
could be saved. A higher ESTR percentage implies 
higher energy inefficiency and a higher energy saving 
amount (Hu et al., 2007).

3. Results and Discussion

The results of BCC and CCR DEA models are 
illustrated in Figure 2. The results revealed that many 
of the farms in the sample are operating at near or 
full efficiency for all the model specifications. From 
the total of 60 farmers considered for analysis, 24 
farmers (40.00%) had a pure technical efficiency score 
of 1. Moreover, from the pure technically efficient 
farmers, 17 farmers (28.33%) had the technical effi-
ciency score of 1. From efficient farmers, 17 had a 
scale efficiency of unity. From the efficient farmers, 
17 were fully efficient in both the technical and pure 
technical efficiency scores, indicating that they were 
globally efficient and operating at the most productive 
scale size. However, the remaining 7 pure technically 
efficient farmers were only locally efficient ones as a 
result of the disadvantageous conditions of scale size.

From inefficient farmers, 12 and 18 farmers had 
technical and pure technical efficiency scores in the 
0.9–0.99 range. This means that the farmers should 
be able to produce the same level of output using their 
efficiency score at its current level of energy input when 
compared to its benchmark which comprises the best 
performers with similar characteristics. These results 
are similar to those of Fraser and Cordina (1999) and 
of Mohammadi et al. (2011).

(2)

(3)

(4)

(5)

Figure 1. Geometric interpretation of different efficiencies
(Chauhan et al. 2006)

Figure 2. Efficiency score distribution of potato producers
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Table 2 shows the three estimated measures of effi-
ciency. The results revealed that the average values 
of technical efficiency, pure technical efficiency and 
scale efficiency scores were 0.881, 0.923 and 0.954, 
respectively. Moreover the technical efficiency varied 
from 0.612 to 1, with the standard deviation of 0.109, 
which was the highest variation between those of pure 
technical and scale efficiencies. The wide variation in 
the farmers’ technical efficiency implies that all the 
farmers were not fully aware of the right production 
techniques or did not apply them at the proper time in 
the optimum quantity (Mohammadi et al., 2011).

Mobtaker et al. (2012) applied the DEA technique to 
optimize the energy required for alfalfa production in 
Iran. They reported that the technical, pure technical 
and scale efficiency scores were 0.84, 0.97and 0.89, 
respectively. In another study, the optimization of 
energy consumption for soybean production was 
investigated and the technical, pure technical and scale 
efficiency scores were reported at 0.853, 0.919 and 
0.926, respectively (Mousavi-Avval et al., 2011b).

The optimum energy requirement and saving energy of 
various farm inputs for potato production based on the 
BCC model results are given in Table 3. The results 
revealed that the total optimum energy requirement 
for potato production was 89786.21 MJ ha–1. Also 
the percentage of total saving energy in optimum 
requirement over total actual use of energy was 
calculated as 14.43%, indicating that by following the 
recommendations of this study, about 151412 MJ ha–1 
of total input energy could be saved on average while 
maintaining a constant output level of potato yield. 
Mobtaker et al. (2012) reported that on average, about 
9.4% of the total input energy for alfalfa production in 
Iran could be saved.

The shares of the various sources from total input 
energy saving are presented in the last column of Table 3. 
Results revealed that the highest contribution to the 
total energy saving was 79.06 % by chemical fertilizers 
followed by irrigation water (13.95) and diesel fuel 
(4.84) energy inputs. Thus, a considerable amount of 
input energy can be saved by improving the use pattern 
of these inputs in the surveyed region. Also the shares 

of human labor, machinery and biocides energy inputs 
were relatively low, indicating that they had been used 
in the right proportions by almost all the farmers. 

Mohammadi et al. (2011) also reported that chemical 
fertilizers have the highest contribution to total energy 
saving in kiwifruit production. The high contribution 
of fertilizer energy inputs showed that not all the 
farmers were fully aware of proper time and quantity 
of fertilizer usage. Therefore,  providing farmers with 
information and changing their incorrect practices can 
prevent loss of energy and also harmful impacts on 
the environment. The elevated contribution of water 
for irrigation energy resulted from the low efficiency 
of ancient irrigation methods that cause high water 
wastage in potato production.

The improvements of energy indices for potato pro-
duction are presented in Table 4. Energy use efficiency 
was calculated as 1.08 and 1.26, in present and target 
energy use, respectively, with an improvement of 
10.64%. Also, energy productivity, specific energy 
and net energy gain in target conditions were found to 
be 0.35 kg MJ-1, 2.85 MJ kg-1 and 23643.79 MJ ha-1, 
respectively. Mousavi-Avval et al. (2011) determined 
energy use efficiency for apple production at 1.16 and 
1.31 in present and target use of energy, respectively.

In Table 5, the pure technical efficiency (PTE), actual 
energy use and optimum energy requirements from 
different energy inputs for 36 inefficient farmers are 
presented. Using this information, it is possible to 
sensitize a producer about better operating practices 
by following his/her target energy requirements from 
different inputs to reduce the input energy levels to 
the target values while maintaining the output level 
presently achieved by him. The information gives 
average energy usage in current and optimal conditions 
(MJ ha-1) and percent contribution of total saving 
energy over actual use. Therefore, the dissemination of 
these results will help improve efficiency of farmers 
in potato production in the surveyed region. As can be 
seen from the last column of Table 5, for inefficient 
farmers the ESTR percentages change from 1% to 
42%, with an average of 10%.
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1. Human labor

2. Machinery 

3. Diesel fuel

4. Chemical fertilizers

5. Biocides

6.Water for irrigation

7. Seed

Total energy

992.06

1590.92

14114.82

39177.06

585.07

19823.10

13503.18

89786.21

22.71

35.52

733.05

11971.26

72.43

2112.00

194.82

15141.78

2.24

2.18

4.94

23.40

11.02

9.63

1.42

14.43

0.15

0.23

4.84

79.06

0.48

13.95

1.29

100

TABLE 3. Optimum energy requirements and saving energy for potato production

Input
Optimum energy 

requirement
(MJ ha-1)

Saving
energy

 (MJ ha-1)

Saving
energy

(%)

Contribution to 
the total savings 

energy (%)

Technical efficiency

Pure technical efficiency

Scale efficiency

0.881

0.923

0.954

0.109

0.092

0.054

0.612

0.617

0.777

1

1

1

TABLE 2. Average technical, pure and scale efficiency of potato farmers

Particular Average SD Min Max

Energy use efficiency 

Energy productivity 

Specific energy

Net energy gain

Total energy input

–

kg MJ–1

MJ kg–1

MJ ha–1

MJ ha–1

1.08

.30

3.33

8502.01

104927.99

1.26

0.35

2.85

23643.79

89786.21

16.86

16.86

-14.46

178.09

-14.43

TABLE 4. Improvement of energy indices for potato production

Items Unit Present Optimum quantity Difference (%)
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1

4

5

6

7

8

10

12

13

16

19

20

22

23

24

25

27

28

31

37

39

40

42

43

45

47

48

49

51

52

53

54

55

56

59

60

Ave.

S.D.

0.62

0.87

0.86

0.89

0.96

0.91

0.92

0.91

0.75

0.92

0.96

0.95

0.96

0.80

0.73

0.91

0.83

0.77

0.93

0.96

0.85

0.88

0.93

0.91

0.98

0.74

0.84

0.97

0.99

0.91

0.89

0.85

0.80

0.90

0.73

0.82

0.87

0.09

1303

931

937

1480

831

1100

1125

974

1114

882

1049

1007

1301

1190

1278

882

1045

1174

929

1143

1064

914

1356

945

1115

1151

988

902

809

841

972

1002

1200

867

1456

1167

1067

175

2366

1685

1695

1759

1506

1211

1377

1831

1753

1897

1357

2592

2397

1539

1728

1448

1537

1691

1308

1597

1347

1537

1940

2020

1169

2295

1677

1611

1876

1987

1426

1461

1577

1673

1951

1644

1707

332

21269

15761

14244

16833

12172

11423

12733

18266

16259

18309

11545

24661

24034

13667

13491

14232

12330

15622

9938

13336

11693

14670

16329

20525

11340

21088

15621

17333

18590

16911

14613

14717

16997

15860

22548

13935

15914

3663

68340

53504

61123

40777

51024

35661

60323

57940

34481

45312

16767

36905

51261

84716

46530

39916

95822

53208

71232

25753

46761

33924

71961

49845

42010

48924

61252

29047

353535

94075

43583

46147

57402

37788

59375

29297

59320

53465

1200

516

510

960

630

840

840

840

600

660

444

720

780

756

360

480

870

600

540

660

600

660

1440

630

600

660

630

540

780

510

720

1200

480

480

840

480

696

229

30756

24605

21529

28706

27339

19137

33832

19137

16137

18454

11961

19137

41008

30756

24605

16754

27339

28706

17087

27339

19138

17087

30756

14353

20504

16403

28706

18454

15378

21529

21529

21871

23922

22213

32807

41008

23611

7090

16200

10800

14400

10800

12600

14040

16200

14400

15120

15120

13680

13680

10800

12600

18000

16200

12600

12600

13320

14400

15480

14400

1800

16200

11880

12600

10800

14400

16200

14400

15120

15120

16560

16200

16200

14400

13870

2772

1303

931

937

1294

831

1038

1125

974

1114

882

962

1007

1147

1133

1255

882

1045

1151

929

1050

1064

914

845

945

947

1151

988

902

809

841

972

1002

1200

867

1456

1167

1029

152

2366

1685

1557

1759

1506

1211

1377

1831

1745

1887

1275

1742

2233

1539

1588

1448

1537

1691

1308

1563

1347

1537

1940

1909

1169

2123

1677

1611

1639

1800

1426

1461

1577

1673

1951

1644

1648

269

19404

15761

14244

16473

12172

11014

12733

16911

15812

17769

10969

16160

19147

13667

13491

14232

12330

15161

9938

13336

11693

14185

15414

16755

10324

17979

13966

15987

15972

16911

12124

11784

15434

15860

19980

13820

14692

2581

59186

42963

34000

40777

35015

32746

45728

40989

34481

45312

16767

30411

49896

54725

45217

27009

45996

53208

27820

25753

36903

28283

56719

40959

31512

48924

48040

26687

37700

38846

38095

36361

46889

31107

52919

29297

39368

10037

1051

516

510

661

573

514

672

503

561

660

365

399

775

731

360

473

670

600

529

372

543

551

698

630

523

643

630

405

468

510

613

750

480

480

812

480

575

142

28696

18040

16905

23255

16023

19137

21791

19111

16137

18273

11961

19137

31508

28693

24352

14045

21854

25367

15968

20245

19138

16096

17712

14353

20504

16403

20743

17035

15378

16777

21529

21871

22256

16428

32807

23732

20091

4850

16200

10800

14400

10800

11280

14040

16157

14400

15120

15120

13680

13680

10800

12600

18000

15417

12600

12600

13320

14400

15480

14400

1800

15357

11880

12600

10800

14400

14806

10816

15120

15120

16560

12478

16200

14400

13545

2750

9

16

28

6

27

4

21

16

1

1

1

16

12

22

2

18

37

3

39

9

10

9

24

13

13

3

19

6

12

42

8

13

12

17

7

17

10

11

TABLE 5. The source wise actual and target energy use for inefficient farmers in the potato production (based on BCC Model)

DMU PTE Human 
labor

Machinery
Diesel 
fuel

Chemical 
fertilizer

Biocide
Irrigation 

water
Seed

Human 
labor

Machinery
Diesel 
fuel

Chemical 
fertilizer

Biocide
Irrigation 

water
Seed

ESTR
(%)

Actual energy use (MJ ha-1) Optimum energy requirement (MJ ha-1)
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Conclusion

In this study, energy use efficiency in potato production was investigated using a data envelopment analysis 
approach. The results revealed that potato production depends mainly on chemical fertilizers, irrigation water 
and diesel fuel energy inputs. Consequently, the input-oriented BCC and CCR DEA models were used to estimate 
the energy efficiencies of farmers. Based on the study’s results, the average values of technical, pure technical 
and scale efficiency scores of farmers were found to be 0.881, 0.923 and 0.954, respectively. Also, chemical 
fertilizers energy had the highest potential for improvement, followed by irrigation water and diesel fuel energy 
inputs. Additionally, about 14% of the reduction potential in energy input utilization could be achieved if all 
potato farms are operated efficiently. It is suggested that new policies, such as providing information to farmers 
and using of modern irrigation techniques, are to be implemented to increase energy use efficiency. Finally, 
employing the non-parametric DEA method is confirmed as a very useful tool for benchmarking and improving 
energy efficiency in agricultural production. The use of this methodology provides important knowledge about 
the wasteful uses of energy by inefficient units.
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Abstract

I n this study, a mathe-
matical model was 

developed for a forced-
air cooling process of 
strawberries packed in a 
ventilated package. Air 
velocity and air tempera-
ture were regarded as the 
independent variables. 
The model was run for 
three levels of air velo-
cities, namely 0.08, 0.16 
and 0.24 m/s and three 
levels of cooling air tem-
peratures, namely 0, 2 
and 4ºC, through which 
the cooling times were 
evaluated. As expected, 
the minimum 7/8 cooling 
time was achieved when 

airflow velocity was at its 
highest whereas tempera-
ture was at its lowest. The 
results showed that the 
effect of air velocity on 
cooling time was more si-
gnificant when it changed 
from 0.08 to 0.16 m/s, 
compared to changing 
from 0.16 to 0.24 m/s. 
Also, the minimum tempe-
rature difference between 
individual strawberries 
inside the package was 
obtained at the air velo-
city of 0.16 m/s.

Keywords: Forced-air 
cooling, Mathematical 
model, Strawberry, Venti-
lated package.
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1. Introduction

The strawberry is a high value crop and is mostly 
consumed in its fresh state with over 75% of the product 
delivered by the fresh produce market.  However, it is 
one of the most perishable fruits and is susceptible to 
mechanical damage, microbial decay and water loss. 
In some cases, these prevent the product from reaching 
the consumer at its optimal quality after transport and 
distribution (Anderson et al., 2004; Manganaris et al., 
2007). 

Temperature management is a key factor in maintaining 
a product’s quality and extending its shelf-life. Delays 
in cooling in excess of two hours reduce the percentage 

of marketable fruit; hence the rapid removal from 
field heat of freshly harvested fruit prior to storage 
is crucial. During the precooling process, the fruit’s 
field temperature is lowered to the 7/8 temperature 
of storage temperature immediately after harvesting 
(Chakraverty and Paul, 2001; Brosnan and Sun, 2001; 
Kadar, 2002; Anderson et al., 2004; Manganaris et 
al., 2007; Kumar et al., 2008). There are a variety 
of precooling techniques available for use in the 
agricultural industry, such as room cooling, forced air 
cooling, hydro-cooling, vacuum cooling, etc. Tunnel 
forced-air cooling is accepted as a very common and 
efficient method applied in the strawberry industry 
(De-Castro et al., 2005; Tutar et al., 2009). 
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Strawberries are file-packed in individual packages and 
placed inside open-top trays. Trays are then stacked on 
pallets. Two rows of four pallets are lined up against 
an opening in the wall of the cold room that contains a 
suction fan. The top of the center aisle (or tunnel), and 
the end, opposite the fan, are  sealed with a trap. When 
the fan is turned on, a negative pressure is created and 
cold air is forced across each palletized row, through the 
vents and into the trays and packages. The air removes 
heat from the strawberries and the exiting warm air 
which reaches the tunnel is drawn by the fan. Although 
pre-cooling is applied by forcing cold air through the 
strawberries, significant losses still occur due to non-
uniform cooling (Anderson et al., 2004; Ferrua and 
Singh, 2009a, 2011).

Ferrua and Singh (2009 a, b, c) studied the strawberry 
pre-cooling process using CFD analysis. They reported 
about 6 ºC difference in the average-fruit-temperature 
between the first and 8th packages after 1h of cooling 
(airflow rate: 1 L/s.kgp). Meanwhile, the maximum 
temperature difference between the individual straw-
berries within those packages was 3.5 and 5.1 ºC, res-
pectively. Such temperature differences between and 
within the packages are due to the in-series airflow 
method used by the industry. Because of the transient 
heat transfer between air and strawberries, the air tem-
perature increases as it travels along the systems. So 
the last package receives the higher air temperature as 
compared to the first ones. The higher air temperature 
leads to a lower rate of cooling (Ferrua and Singh, 2009 d, 
2011). 

Rapid cooling could be obtained by increasing the 
airflow rate and using lower air temperature. However, 
a higher airflow rate results in excessive water losses 
leading to shriveling, and at the same time increases the 
required energy (Verboven et al., 2004; Kumar et al., 
2008; Tutar et al., 2009).

For optimum design and process, the effect of the airflow 
rate and air temperature on the cooling process should 
be known. The difficulty of measuring air velocity and 
temperature profiles within the packages makes the 
optimization of the cooling process a complex problem 
and has prevented a good experimental characterization 

of the process (Ferrua and Singh, 2009d, 2011;Verbonen 
et al., 2006). Meanwhile, using experimental methods 
to achieve an optimized process is expensive, time-
consuming and situation-specific. 

Recent advances in computational resources and 
decreasing costs of modern computers have made the 
application of CFD modeling more efficient and popular 
and also provided powerful tools for predicting air flow 
patterns and temperature variations in the package. 
The mathematical modeling capable of predicting the 
cooling process of fruit within packages was used as 
an ideal approach by many researchers (Tanner et al., 
2002; Zou et al., 2006a and b; Dehghannya et al., 2008; 
Ho et al., 2010; Tutar et al., 2009; Opara & Zou, 2007).   

The objective of this research is to determine the opti-
mum air flow rate and air temperature to achieve a 
minimum cooling time of strawberries and uniform 
cooling. Such information could be used as a guideline 
in redesigning the commercial packaging systems 
aiming to use a higher air flow rate through the packages 
or to reduce the air temperature entering the packages. 

2. Materials and methods

Governing differential equations 

For pre-cooling strawberries and the majority of other 
horticultural crops, the Biot number lies between 0.1 
and 10. Within this range, both the internal and external 
resistances are on the same order and the temperature 
gradients will appear within the products (Anderson et 
al., 2004). Thus, for evaluating the strawberries’ cooling 
process, a transient mathematical model of air flow and 
heat transfer must be simultaneously analyzed within 
the package. The governing differential equations 
explaining this phenomenon are as follows:

(4)

(1)

(2)

(3)
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Eq.1 and 2 refer to the governing equation for air 
domain under laminar and incompressible fluid flow 
conditions. Eq. 3 and 4 are applied for heat transfer 
within the fluid and product respectively.

Boundary conditions

The boundary conditions on the velocity and tempe-
rature can be written as follows:

Inlet:                    (5)

Outlet:            (6)

Wall:             (7)

Interface:           (8)

Assumptions

The following assumptions were considered in the 
model: 

1. Heat generation by respiration is negligible.
2. No moisture loss and no shrinkage of strawberries 

were assumed.
3. The air’s thermo-physical properties were assu-

med to be similar to those of dry forced air.
4. The strawberry’s thermo-physical properties were

assumed to remain constant during the cooling 
process (kp=0.75 w/mºC; Cp,p= 3.95 kJ/kg ºC; 
ρp=800 kg/m3).

Computational domain and mesh generation

For the purpose of 2-D simulation, the shape of the 
computational domain was assumed to be trapezoidal, 
filled with geometrically similar products. To avoid 
undesirable skewness of the mesh elements, individual 
strawberries were considered to be away from each 
other as well as from the walls, as shown in Figure 1.

To establish an optimal mesh, a mesh independence 
study was performed by changing the mesh density to 
achieve a mesh that can give a solution with acceptable 
accuracy (Ho et al., 2010). Four meshes, each con-
taining 3116, 6116, 12464 and 24464 elements, respec-
tively, were used. The mean values for the strawberry 
temperature solution as a function of the number of 
elements are shown in Figure 2. It is obvious that 
the mesh independence of the numerical solution was 
obtained when the number of elements was above 
12464; therefore, the mesh with 12464 elements was 
adequate for an accurate numerical prediction. A finer 
mesh was also used at the package inlet, outlet and the 
fruit-air interface. Therefore, in all simulations, the 
mesh containing 14013 elements resulted in 68465 
degrees of freedom with an element area ratio of 
0.000145 and a mesh quality of 0.5201. 

COMSOL MULTIPHYSICS software, version 3.5, was 
used to simulate heat and airflow transfers using the 
finite element method. Quadratic Lagrange elements 
with a triangular mesh were used to solve the nonlinear 
system of equations at each time step.  

Optimum conditions

In order to determine the optimum conditions for 
strawberry pre-cooling, the effects of three levels 
of air velocity, namely 0.08, 0.16 and 0.24 m/s and 
three levels of cooling air temperature, namely 0, 2 
and 4ºC were studied. The length of the cooling time 
and uniformity of cooling were used as the criteria in 
selecting the optimum condition.

Figure 1. Computational domain filled with
geometrically similar products

Figure 2. Mesh independence study
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3. Results and discussion

Temperature distribution inside the package

The product temperature distribution is shown in 
Figure 3-a for an air velocity of 0.08 m/s and a 0 ºC 
air temperature. As shown, the differences between the
maximum and minimum temperatures are about 5 ºC
after 90 min cooling time. The fruit nearby the air inlet 
was cooled more rapidly than others. Considering the 
transient heat transfer between strawberries and cooling 
air, the air temperature was increased as it traveled 
along the package. So the fruits nearby the air outlet 
received the warmer air (Figure 4). The same trend 
was observed for other cooling air velocities (Figures 
3-b and 3-c). This result is in agreement with findings 
of Dehghannya et al. (2011). 

The heterogeneity of cooling is also affected by other 
factors. Alvarez and Flick (1999a) indicated that the 
heat transfer coefficient in packed spheres changes 
in the direction of the air flow and decreases by 40% 
between the first and fourth rows of products, then 
remains constant from the fourth row onwards. Amara 
et al. (2004) also showed that during the cooling of a 
stack of food stuff with low air velocity, the convective 
heat transfer coefficient varies with the product 
position in the stack. Therefore, the heterogeneity of 
cooling could be explained not only by the increases 
in air temperature when air passes around the product, 
but also by the heat transfer coefficient as a function of 
position.     

Table 1 shows the maximum temperature difference 
between the individual strawberries within the package 
at the air temperature of 0 ºC and different air velocities 
at their related half cooling time. As can be seen, the 
maximum temperature difference between individual 
strawberries is not significantly affected by the air velo-
city increase. However, the uniform cooling process 
was observed at the air velocity of 0.16 m/s.  

Figure 3. Strawberries temperature distribution within
the package at 0 ºC air temperature

Figure 4. Strawberry temperature distribution at
different cooling times and 0 ºC air temperature
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Volume-average fruit temperature

Variation in volume-average fruit temperature with 
time at the air temperature of 0ºC and various air 
velocities are shown in Figure 5a. The cooling rate of 
fruits was the highest at the air velocity of 0.24 m/s. 
As shown, increasing the air velocity increased the 
cooling rate. The 7/8 cooling time of fruits was 83, 46 
and 35 min at the air velocity of 0.08, 0.16 and 0.24 
m/s, respectively. Unlike the first level of air velocity, 
the upper level of air velo-city had less effect on the 
cooling rate. The same trend was observed for other 
cooling temperatures, i.e. 2 and 4ºC (Figures 5b and 5c).
The same result was reported by other researchers. 
Ferrua and Singh (2011) indicated that increasing the 
air flow rate reduces the cooling time. For example, as 
the air flow rate increased from 0.02 to 0.04 m3/s, the 
7/8 cooling time of package 3 and 8 decreased from 95 
to 57 min and 145 to 82 min respectively.

Guemes et al. (1988) studied the effect of air velocity on 
the strawberry surface heat transfer coefficient. As the 
air velocity increased from 1.3 to 4.5 m/s, the coefficient 
increased from 39.6 to 83.9 w/m2 ºC, thus decreasing 
the cooling time. The strawberries 7/8 cooling time  
was about 16 min at the air velocity of 3 m/s. Kumar 
et al. (2008) and Tutar et al. (2009) reported the same 
results for the cooling time of oranges, tomatoes and
spherical products under different air velocities. 
However, Kumar et al. (2008) found that increasing  the 
cooling air velocity beyond the critical values, 3.5 m/s 
for orange and 2.6 m/s for tomato, did not significantly 
affect the cooling rate.   

Figure 6 shows the effect of cooling air temperature on 
the volume-average fruit temperature at a constant air 
velocity of0.08 m/s. The high cooling rate was obtained 
at the lower air temperature. 

0.08

0.16

0.24

29.19

16.2

11.84

TABLE 1: Maximum temperature difference between indi-
vidual strawberries within the package at 0 ºC air temperature

Air velocity
(m/s)

Half cooling 
Time (min)

9.64

8.54

9.52

Maximum tempera-
ture difference (ºC)

Figure 5. Variations in volume-average fruit temperature with 
time at different cooling conditions

Figure 6. Effect of cooling air temperature on the volume-average 
fruit temperature at a constant air velocity
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Optimum cooling conditions

Figure 5 illustrates the effect of cooling air velocity 
and air temperature on the cooling time of strawberries. 
The final cooling temperature of fruits was assumed to 
be 8ºC. 

As discussed earlier, higher air velocity led to a lower 
cooling time. As the air velocity increased from 0.08 
to 0.24 m/s, the cooling time was reduced by 17.68, 
21.05 and 26.69 min at the air temperature of 0, 2 and 
4 ºC, respectively. The effect of air velocity on cooling 
time was more significant when it changed from 
0.08 to 0.16 m/s, compared to that of changing from 
0.16 to 0.24 m/s. For example, at the air temperature 
of 4ºC, the cooling time was reduced from 45.69 to 
25.53 min (Δt(0.08- 0.016)=20.16 min) as the air velocity 
increased from 0.08 to 0.16 m/s, and it reached 19 min
(Δt(0.16- 0.24)=6.53 min) as the air velocity rose to 0.24 m/s. 
The same effect was observed for other air temperatures, 
i.e. 0 and 2 ºC (Figure 7). However, the rate of cooling 
time reduction was lesser at lower air temperatures 
(at the air temperature of 2 ºC: Δt(0.08- 0.016)=16.027 and 
Δt(0.16- 0.24)=5.03 min; at the air temperature of 0 ºC: 
Δt(0.08- 0.016)=13.33 and  Δt(0.16- 0.24)=4.35 min). 

It is clear that the effect of air velocity rising from 
0.16 to 0.24 m/s corresponds to a 2-degree reduction 
in cooling air temperature. The cooling time at the air 
velocity of 0.24 m/s and 4 ºC is the same as cooling 
time at an air velocity of 0.16 m/s and air temperature 
of 2ºC (about 19-20 min). 

Ferrua and Singh (2009) reported that in industrial 
strawberry pre-cooling, the air temperature increases 

while traveling along the packages and is significantly 
affected by the location of the packages. At arbitrary 
time, t, the air within package 8 had a higher temperature 
than package 1. For example, they showed that 41 
minutes into the cooling time, the temperature of the 
airflow entering package 1 and package 8 was about 
0 and 5 ºC respectively. Such differences retarded the 
cooling time of package 8, so that there was about a 72 
min difference between the cooling times of packages 
1 and 2, until the volume-average fruit temperature 
reached to 4 ºC. 

As a corollary, the results of this study indicated that 
reducing the cooling air temperature entering the 
strawberry package was more efficient than increasing 
the air velocity, although the two approaches may 
demand the same amount of energies.   

Figure 7. Effect of cooling air velocity and air temperature on the 
cooling time of strawberries

Conclusion

A simulation of airflow and heat transfer during the forced-air cooling of strawberries was conducted. The 
numerical analysis indicated that the strawberry cooling time is affected by both air velocity and temperature. 
The results showed that the relationship between the rate of cooling time and air velocity is nonlinear, i.e. the 
reduction in cooling time, when air velocity changed from 0.08 to 0.16 m/s, was three times higher compared to 
that of the air velocity changing from 0.16 to 0.24 m/s. Considering that an air velocity increase raises energy 
consumption, using a higher air velocity is not economical. Meanwhile, the effect of air velocity increasing from 
0.16 to 0.24 m/s is equal to a 2-degree reduction in the cooling air temperature. Therefore, reducing the cooling 
air temperature entering the strawberry package is more efficient than increasing the air velocity, although the 
two approaches may demand the same amount of energies.  
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Nomenclature

Computational Fluid Dynamics

Specific heat capacity (J/kgºC)

Thermal conductivity (W/m ºC)

Latent heat of evaporation (J/kg)

Rate of product moisture loss (kg/ s m2)

outward normal to the surface

Pressure (Pa)

Respiration heat generation per unit package volume (W/m3)

Time (s)

Temperature (ºC)

Velocity (m/s)

Dynamic viscosity (Pa s)

Density (kg/m3)

Product

Air

CFD

Cp

k

L

ṁ

n 

P

Qresp

t

T

u

µ

ρ

Subscripts

p

a
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Abstract

This paper investi-
gates the develop-

ment of a preliminary 
design method for centri-
fugal compressors. The 
design process starts with 
the aerodynamic analysis 
of the preliminary design 
and its reliance on em-
pirical rules limiting the 
main design parameters. The procedure is applied to 
compressors for pressure ratios of 1.5, 3 and 5 as an 
example for developing an initial non-dimensional 
skeleton design. The skeleton diagrams are presented 
for different exit blade angles ranging from 0° to -60°. 

The design procedure 
was carried out for three 
cases: without prewhirl 
and with high positive 
prewhirl of 15° and 30°. 
Design considerations 
of mechanical stress for 
the impeller and mini-
mum inlet relative Mach 
number are taken into 
consideration. Diffusion 

factor limitations have also been considered. Selected 
design parameters according to economical conside-
rations have been presented for each pressure ratio.

Keywords: Blade angle, Centrifugal compressor, Dif-
fusion factor, Inlet Mach number.

Design Procedure of
Centrifugal Compressors

Adnan Hamza Zahed1

and Nazih Noaman Bayomi1,2

1King Abdulaziz University,
Jeddah, Kingdom of Saudi Arabia

2Faculty of Engineering El-Mattaria, 
Helwan University, Cairo, Egypt 
E-mail: nnbayomi@hotmail.com

1. Introduction

The design of a centrifugal compressor is constrained 
by a number of non-aerodynamic considerations. 
These include cost, overall frame size, inertia of the 
rotating components and general durability. Obtaining 
high pressure ratios through increased impeller tip 
speeds dictates the use of titanium metal instead of 
aluminum, which generates an increase in cost. Current 
requirements are however for pressure ratios that can 
be achieved at rotational speeds suitable for aluminum 
impellers, and the need to switch to alternative material 
is not yet overwhelming. If the impeller tip speed is 
considered to be limited by stress considerations, the 
increase in pressure ratio can only be achieved by 
reducing the magnitude of the impeller blade back-
sweep. This will lead to a reduction in operating 
range which could possibly be recovered through the 
application of a positive swirl at the impeller inlet. In 

the absence of the ability to increase blade tip speeds, 
this will in turn create the need to further reduce the 
blade backsweep in order to achieve the desired 
pressure ratio. Consequently the application of an inlet 
prewhirl can be considered in order to reduce the inlet 
relative Mach number and increase the compressor 
operating range. 

The effect of extended front and backward-swept 
shrouded impellers on the performance of centrifugal 
compressors with vaneless diffusers was investigated 
by Sapiro [1]. Japikse and Osborne [2 & 3] introduced 
an overall performance and a test procedure for the 
optimization of industrial centrifugal compressors. 
The results of detailed interstage measurements were 
presented and the diffusion levels with the compressor 
components were quantified. A review of some of 
the theoretical and experimental techniques used in 
the aerodynamic development of standard stages for 
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industrial centrifugal compressors was presented by 
Dalbert et al. [4]. Design methods for standardized 
families of radial compressor stages were summarized. 
A simple method for designing the blade geometry of 
a centrifugal compressor impeller was presented by 
Wang et al. [5]. In this method, instead of giving the 
mean swirl distribution on the meridional surface, the 
blade angle distribution was specified and the blade 
shape was derived, making it easier to execute the 
design. 

In spite of the variations in size, duty and design 
emphasis, much of the science and understanding that 
support the aerodynamic and mechanical design of 
centrifugal compressors are common to all types. Thus, 
Came and Robinson [6] introduced the aerodynamic 
design of the centrifugal compressor by computational 
fluid dynamics (CFD), while  Pourfarzaneh et al., [7] 
introduced a new analytical model of a centrifugal 
compressor. 

Dalbert et al. [8] described the special design features 
of a radial compressor and shed light on a method 
of standardization to overcome the large diversity of 
machine types. Their paper reviews the aerodynamic 
and thermodynamic aspects in the design of an impeller 
with an exit blade angle of up to 75°. Also, Schiffmann 
& Favrat [9] manage the optimizing of the compressor 
design into the possible specifications field while 
keeping high efficiency on a wide operating range. 

Whitfield et al. [10] studied the compressor performance 
using an inlet guide vane (IGV), with angles varying 
from -20° to 20° and cambered blades with discharge 
angle changes from β2= -5° to 35°. The results showed 
clearly that the improvement in flow range and the 
isentropic efficiency penalties are considered. In Simon 
et al. [11] found that the operating range of centrifugal 
flow compressors with backward curved impeller 
blades, β2= 50° and 65°, could be extended with IGV 
and diffuser vanes. Also, Rodgers [12] and Coppinger 
& Swain [13] concluded that the stable operating range 
of centrifugal compressors extended by the regulation 
of the IGV and increased impeller stability. In [14], 
Whitfield et al. showed that the application of a 55° 
prewhirl causes a distinct shift in the surge point of the 

centrifugal compressor to lower flowrates compared 
with a zero prewhirl. Kassens and Rautenberg [15] 
tested a centrifugal compressor with adjustable IGV 
with different adjustment angles at -30°, 0°, 30° and 60°. 
Abdel Hafiz and Bayomi [16] described a procedure 
for the design of centrifugal compressor impellers. The 
design procedure has been applied to compressors with 
moderate pressure ratios. In this work, the effect of the 
inlet prewhirl on the compressor maps is taken into 
consideration only for a pressure ratio of 6 for a certain 
exit blade angle -30°.

The present paper describes the design of centrifugal 
compressors with three different pressure ratios of 1.5, 
3 and 5. The preliminary design of impeller dimensions 
and impeller aerodynamics are presented. The design 
procedure depends on a nondimensional method and 
introduces a simple skeleton for the preliminary design 
of the impeller. The impeller blade angle varied from 
radially blade to high lean backward with an angle of 
-40° and -60°. In addition, an inlet prewhirl is introduced 
varying from 0° to 30° according to aerodynamic 
design and stress considerations. The diffusion ratio 
through the impeller is taken into consideration.

2. Consideration of the preliminary 
design

2.1 Importance of the preliminary design

The aim of the preliminary design can be simply stated 
as the desire to achieve the design duty on a one-
dimensional basis, within the mechanical limitations 
of available material and with the best achievable 
efficiency and surge margin. This can be expanded into 
the following more specific aims: at the design mass 
flow, or nominal point mass flow, to achieve the desired 
work input, the desired efficiency, the desired pressure 
ratio and sufficient surge margin. 

2.1.1 Work input

The main components of a centrifugal compressor are 
shown in Figure 1. Velocity triangles at inlet and exit 
of the compressor for radial blades and leaned blades 
with states of the prewhirl are also plotted in Figure 1. 
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The work input to the compressor is usually expressed 
as the work input factor or stage loading:

In this equation, the second term of the RHS (right hand 
side) is known as the slip velocity ratio. It is expressed 
by Wiesner [17] as

Where Z is the number of blades. The third term 
includes the ratio of the flow velocity in the radial 
direction, Cr2 and the impeller speed, U2, known as the 
flow coefficient j and the exit blade angle β

∞2
. The 

relation between the work factor and the blade exit 
angle for different flow coefficients for an impeller of 
16 blades is shown in Figure 2. From this figure, it can 
be deduced that the work factor is reduced at higher 
values of exit blade angle depending on the velocity 
ratio Cr2/U2. The work factor is reduced as the flow 
ratio increases. The work factor also determines the 
impeller tip speed and consequently the impeller stress 
levels. The stage pressure ratio obtained from a given 
tip speed is represented by the equation:

The parameter λ = ΔH/(U2)
2 = Cu2/U2 = m/[1-(tan β2/tan 

α2) is often refereed to as the work input coefficient or 
work factor (Rodgers [12]). Also, the rotational speed 
is expressed by the “tip speed Mach number” or “stage 
Mach number”, relating the tip speed U2 to the inlet 
speed of sound:

For any specified pressure ratio, the impeller non-
dimensional tip speed Mu2 follows directly from the 
equation (3). Alternatively,  Mu2 can be systematically 
varied to cover a range of pressure ratios. The discharge 

Mach number M2, known as C2/a2 can be developed to 
the following expression:

2.1.2 Compressor efficiency

Generally, a centrifugal compressor is required to pro-
duce a specified pressure ratio at maximum efficiency. 
The desire to achieve maximum efficiency may be 
compromised in order to meet other design restraints 
such as minimizing overall size and weight and 
maximizing the flowrate between surge and choke. 
There is a specific non-dimensional flowrate θ at a 
certain non-dimensional speed Mu2 where maximum 
efficiency will be achieved. The non-dimensional mass 
flowrate, θ, can be expressed as

Figure 1. Main component of a centrifugal compressor with
velocity triangles at inlet and exit.

(1)

(2)

(3)

(4)

Figure 2. Effect of the exit blade angle on the work factor for
different flow coefficients.

(5)

(6)
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The designer must establish these parameters and then 
develop the overall geometry of the impeller. The 
design procedure will be developed beginning from the 
desired pressure ratio, with specified target efficiencies 
for the impeller and the complete stage. The impeller 
efficiency is required to effectively transform the desired 
stage pressure ratio to that required from the impeller 
only. However, the desire to maximize this efficiency 
will be maintained. In addition to establishing the 
optimum non-dimensional mass flowrate and impeller 
speed,  the non-dimensional geometry of the impeller 
will be developed in terms of the radius ratio, r1s/r2, 
the discharge height, b2/r2, and the inlet and discharge 
blade angles.

In fact, to maximize efficiency, it is necessary to 
minimize loss. Whilst losses are not explicitly 
calculated through the application of loss models, it 
is essential to assess the consequences of any design 
choice on loss generating processes. For the impeller, 
the losses commonly considered are aerodynamic 
and parasitic losses. The aerodynamic losses and the 
sequence required for minimizing them are as follows:

1. Incidence loss which is dependent on the 
magnitude and direction of the relative Mach 
number at the impeller inlet. To minimize the 
incidence effect, the relative Mach number 
should be minimized and a suitable blade 
leading edge selected.

2. Friction loss in blade passage: To attain better 
efficiencies, smooth surfaces, low velocity 
levels and wide but not too long flow channels 
should be taken into consideration. To minimize 
the relative Mach numbers, there should be a 
plan to decrease the inlet relative gas velocity. 
Also, the flow path length and the magnitude of 
the effective hydraulic diameter of the passage 
must obligatorily be taken into consideration. 

3. Diffusion or blade loading loss in both the 
impeller and the diffuser of the compressor 
constitute another form loss since a high 
pressure rise in a stage automatically implies a 
high deceleration of the flow in the stage.

4. Clearance loss is due essentially to the gap 
between the tips of the rotating blades and the 
stationary shroud. Therefore, the clearance gap 
should be minimized as much as possible. The 
proportion of the flow passage occupied by the 
clearance gap will increase as the actual blade 
height is reduced, hence the necessity to assess 
the magnitude of the non-dimensional blade 
height, b2/r2.

5. Diffuser system loss: The high discharge 
Mach number M2 from the impeller must be 
diffused. It is therefore important to ensure that 
the discharge Mach number is not higher than 
necessary. 

Parasitic losses include the disc friction over the hub 
and shroud disc and losses in connection with the 
leakage over the hub and shroud labyrinth seals. It 
was found that the loss rates are independent of the 
Reynolds number and became minimal at a certain 
flow coefficient. 

The essential aim of the design procedure is to 
establish the optimum velocity triangles at the inlet 
to and discharge from the impeller. Specifying and 
systematically varying the absolute and relative flow 
angles achieves this. The case of swirl-free flow at the 
inlet is considered here and the absolute flow angle at 
the impeller inlet is zero. In the case of the absolute 
flow angle at the impeller discharge, Johnston and Dean 
[19] showed that an optimum flow angle α2, for design 
pressure, lies between 63°to 68°. Similarly, Rodgers 
and Sapiro [20] considered the optimum flow angle to 
lie between 60° and 70°. Osborne et al. [21] used a 
magnitude of 70° in the design of an 8:1 pressure ratio 
compressor, whilst for a 6.5:1 pressure ratio compressor, 
Came [22] indirectly used a magnitude of 75°. Came 
and Robinson [6] found a range of 69°<α2<73° to 
provide acceptable limits to the compressor design. 
For the illustrative examples used here, an absolute 
flow angle of 65° will generally be adopted with an 
assessment made of the application of alternative 
magnitudes. Through the desired stage pressure ratio 
and target efficiency, the non-dimensional speed of the 
impeller U2/a01, can be found and the velocity triangles 
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established. The impeller radius ratio, r1s/r2, then 
follows from the derived blade speeds at the impeller 
inlet and discharge. The impeller target efficiency must 
then be introduced to calculate the impeller discharge 
blade height, b2/r2.

Rodgers [23] presented the relation of specific speed 
and efficiency. This relation showed that at a low 
specific speed, efficiency drops owing to increasing 
frictional losses in the longer, lower aspect ratio vane 
passages and owing to increasing disc friction. At high 
specific speed, increased aerodynamic losses result 
from the higher relative velocity levels. The expression 
of specific speed can be defined as follows:

Application of the continuity condition at impeller inlet 
leads to the non-dimensional mass flowrate at impeller 
inlet (see Whitfield and Baines [24]), as

The impeller non-dimensional mass flowrate, θ, is 
related to that at inlet, θ1, through [θ π (r2)2] = [θ2 π 
(r1s)

2 ] (1-ν2) cos α1 and equation (9) can be developed 
from equation (8) as: 

Where ν is impeller inducer hub-shroud radius ratio. 
This expression was solved for the absolute Mach 
number, M1s, through the specification of a range of 
non-dimensional mass flowrates and impeller radius 
ratios. The impeller width ratio (b2, r2) can be calculated 
from the following equation:

where hI  is the impeller efficiency and equal to 80%.

3. Impeller design considerations

The non-dimensional speed of the impeller (tangential 
Mach number Mu2) for a range of blade backsweep 
angles (0 to -60°) together with the discharge Mach 
number M2 are shown in Figure 3 using equations 3 
and 5. The efficiency is assumed to be 80% and 
α

2
 =65° for a pressure ratio ranging from 1.5 to 5. The 

clear advantage of the blade backward is illustrated 
through the reduction in the discharge Mach number 
of the fluid. This is accompanied by an increase in the 
non-dimensional speed of the impeller, which leads to 
an increase in the stress levels. The results obtained 
by Whitfield [25] and Abdel Hafiz and Bayomi [16] 
for pressure ratios 2, 3, 4 and 6 are also presented in 
Figure 3 for comparison. Good agreements in trends 
are shown between the present results and the other 
authors’ results. 

 
In the following investigation, the design procedure is 
applied to pressure ratios of 1.5, 3 and 5. The pressure 
ratio 1.5 is a low-pressure ratio that is perhaps typical 
for turbocharger compressors. The other pressure 
ratios are more typical of those required for small gas 
turbines.

Relations between the non-dimensional impeller speed, 
Mu2, and inlet relative Mach number, M1rel, for different 
blade angles and different radius ratios r1s/r2 ranging 
from 0.4 to 0.9 are computed using equation (11) for 
the different pressure ratios. 

(7)

(8)

(9) Figure 3. Relation between discharge Mach number and
tangential blade Mach number with various exit blade angles

and different pressure ratios

(10)
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The typical plot for a pressure ratio of 1.5 is presented 
in Figure 4 taking an inlet relative flow angle, β1s=-
60°. This was carried out for a radial blade i.e. β2 = 
0° up to high exit blade angle β2=-40° and -60°. It can 
be concluded that increasing the blade backsweep β2 
and the accompanying increase in non-dimensional 
impeller speed Mu2 leads to an increase in the inlet 
relative Mach number for any specified radius ratio. 
In order to decrease the inlet relative Mach number,  
the impeller radius ratio has to be reduced. This 
means a larger sized impeller. If the designer is free 
to select the non-dimensional impeller speed, then a 
range of impeller radius ratios and blade backsweep 
are available. Increasing the blade backsweep has a 
beneficial effect on the impeller discharge M2 as shown 
in Figure 3. Whitfield and Baines [24] showed that the 
inlet absolute and relative Mach numbers are related 
to the mass flowrate per unit frontal area through this 
equation:

This equation, together with equation (9), is used 
to represent the aerodynamic characteristics in 
relation to the corresponding impeller dimensions 
for different pressure ratios.

3.1 Design impeller for 1.5 pressure ratio

In Figure 5, the contours of the non-dimensional 
mass flowrate and inlet relative flow angle are 
plotted as a function of the inducer Mach number 
for discharge  blade angles of 0°, -40°  and -60°. 
These results are presented for an inducer hub-tip 
radius ratio, ν =0.4.  Aerodynamically, the optimum 
hub-tip radius ratio is the smallest possible ratio 
that presents a minimum blockage to the flow. 

The inlet relative flow angle, β1s , is a function of 
the inlet relative Mach number as shown by Stanitz 
[26] in the following equation:

Lines of constant β1s of -50°, -60°, -70° and -80° 
are superimposed in the diagram of Figure 5. In 
addition, contours of impeller radius ratio are also 
presented as derived from the following definition 
of the non-dimensional mass flow rate,

The results provided in Figures 3, 4 & 5 represent 
design data for the designer to specify the initial 
impeller skeleton dimensions. The values of the 
non-dimensional mass flowrate corresponding to 
a specific speed and blade height ratios b2/r2 are 
also tabulated in Figure 5. The non-dimensional 
mass flowrate for these compressors lies typically 
between 0.05 and 0.20 and this corresponds to an 
accepted range for corresponding specific speed.

Selection of the non-dimensional mass flowrate 
with the minimum relative Mach number condition 
leads to the basic impeller dimensions r1s/r2 and 
b2/r2 for any selected discharge blade angle. 
The adoption of the blade backsweep leads to a 
reduction in the discharge Mach number and an 
increase in the inlet relative Mach number, M1rel. 
However, the degree of backsweep is probably 
limited in most cases to avoid stress considerations.

(11)

(12)

Figure 4. Variation of inlet relative Mach number with tangential 
blade Mach number with various exit blade angle and different 

impeller radius ratios at a pressure ratio of 1.5.

(13)

(14)
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With an increasing blade backsweep, it is necessary 
to reduce the non-dimensional flowrate in order to 
avoid increased relative Mach numbers at the inlet. 
In order to reduce the inlet relative Mach number, 
the radius ratio is reduced and consequently the 
non-dimensional blade height ratio b2/r2 decreases, 
leading to a long narrow discharge passage. The 
diagrams are repeated for a prewhirl of 15° and 
30°. It is observed that the inlet relative Mach 
number decreases with increasing prewhirl.

3.2 Design impeller for a pressure ratio of 3

Similar diagrams are built for a pressure ratio 
of 3 in Figure 6. Similar trends are noticed as 
described from Figure 5. The design point of the 
centrifugal compressor tested by Bammart et al. 
[27] for a pressure ratio of 2.9 is plotted on the 
same figure. This design point has the following 
characteristic: b2/r2=0.13, r1s/r2=0.7 and  =63°. A 
small shift can be noted from the lines of r1s/r2=0.7 
due to the decreased pressure ratio. 

3.3 Design impeller for a pressure ratio of 5

Contours of the non-dimensional mass flowrate 
for a pressure ratio of 5 are shown in Figure 7. 
Selection of the minimum relative Mach number 
leads to the inlet relative flow angle, β1s and the 
appropriate non-dimensional mass flowrate. In fact, 
the selection of a low non-dimensional flowrate 
will lead to a long narrow flow channel through 
low magnitudes for the impeller radius ratio and 
blade height. High magnitudes of θ, 0.1 and above 
will lead to high inlet relative Mach numbers in 
excess of unity, but no other clear disadvantages. 
In the case of a high backsweep, 60°, we note a 
drastic increase in M1rel for the whole range of θ at 
zero prewhirl.

In fact, for high-pressure ratio compressors a clear 
choice exists with respect to the impeller design. 
The inlet relative Mach number can be minimized 
by reducing the radius ratio, thereby designing 
a long narrow impeller discharge passage which 
will lead to increased friction and shroud leakage 

losses together with additional friction loss on the 
impeller back face. 

The results withdrawn from the above investigation 
show the same trend as found in the literature, 
whereas Rodgers [28] showed that the optimum 
specific speed increases as the blade backsweep 
increases. Also, the optimum specific speed for 
a given discharge blade angle decreases with an 
increasing Mach number, that is with an increasing 
pressure ratio. In Figures 5, 6 & 7 the lines 
connecting the closed circles represent the non-
dimensional mass flowrate at the minimum inlet 
relative Mach number.

4. Design assessment

Rodgers [29] listed the most important design 
parameters as specific speed, Mach numbers, 
diffusion limitations and exit flow angle. The 
investigation of Whitfield and Baines [24] showed 
that the Mach numbers and exit flow angles have 
been employed extensively, and the specific speed 
and diffusion limitations remained as parameters, 
which can be readily calculated to further assess 
the design. To further assess the compressor 
design, many authors (as example, Rodgers [29] 
and Engeda [30]) have discussed the internal 
diffusion limitations. The overall diffusion ratio, 
DR, can be calculated from the next equation:

This expression shows the diffusion ratio as a 
function of blade angle whereas λ=m/[1-(tan β2/
tan α2). A maximum DR occurs when λ=sin2 α2; 
however, with an assumed slip factor of 0.85 this 
maximum usually occurs at exit blade angles ≈-5° 
(with m=0.85 and α2 =65°) (Whitfield and Baines 
[24]). Clearly, the magnitude of DR is a direct 
function of the radius ratio r1s/r2 and while high 
diffusion rates are desirable, a boundary layer 
separation will occur and high predicted diffusion 
rates may be achieved in practice. 

(15)
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Figure 5. Compressor maps for a pressure ratio of 1.5 with various exit blade angles β2 at different prewhirl angles α1.
• Representing the minimum inlet relative Mach number.
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Figure 6. Compressor maps for a pressure ratio of 3 with various exit blade angles β2 at different prewhirl angle α1.
• Representing the minimum inlet relative Mach number.
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Figure 7. Compressor maps for pressure a ratio of 5 with various exit blade angles β2 at different prewhirl angles α1.
• Representing the minimum inlet relative Mach number.
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Another expression for internal diffusion limi-
tations was used by many other authors such as 
Whitfield [25], Abdel Hafiz & Bayomi [16] and 
Biba & Menegay [31] to evaluate the design 
parameter of the compressor impeller and it 
is known as the diffusion factor. This factor is 
defined as the ratio of the exit relative velocity to 
the inlet relative velocity W2/W1 or M2rel/M1rel and 
is calculated from the following equation:

This ratio, also known as de Haller ratio (Wilson 
and Korakianitis [32]), was accepted only through 
the range from 0.7 to 0.95. The diffusion factors 
were calculated using equation (14) for the selected 
cases with minimum inlet relative Mach number 
and are plotted in Figure 8 for the different pressure 
ratios. From this figure, it can be deduced that as the 
inlet relative Mach number increases the diffusion 
factor decreases. An increase in prewhirl angle 
for a certain exit blade angle causes the diffusion 
factor to increase. Limitations for the diffusion 
factor are plotted as the discrete lines on Figure 8. 
A flow-chart for the design process is presented in 
Figure 9. Consequently, different cases within this 
permissible range are tabulated according to the 
required non-dimensional mass flowrate in Table 1 
for  the pressure ratio 1.5 as an example. From this 
table, an optimum design is selected based on the 
requirement to achieve the specific mass flowrate 
at this pressure ratio according to economical 
considerations i.e. impeller size and simplicity in 
manufacturing.

It can be noted from Table 1 that the selected cases 
correspond to the non-dimensional mass flowrate, 
q, ranging only between 0.05 and 0.1. The most 
economical designs are corresponding to an 
acceptable specific speed range, Ns. Radial blades 
with a prewhirl 15 correspond to q =0.05 and 30  
for q =0.075. For a higher non-dimensional mass

flowrate up to 0.1, a leaned blade up to -60  with a 
prewhirl of 15  is the most suitable design.

This procedure is repeated for the different pres-
sure ratios and permissible ranges are tabulated 
in Tables 2 and 3 for pressure ratios 3 and 5, 
respectively. As the pressure ratio increases to 3, 
radial blades lead to an almost sonic discharge 
Mach number, this is why a leaned blade of -40  
is preferable. A prewhirl 30 will decrease the inlet 
relative Mach number, M1rel. This is true for a non-
dimensional flowrate of up to 0.1. For a higher non-
dimensional flowrate of up to 0.15, a leaned blade 
angle of -60  associated with the same prewhirl is 
recommended. Table 2 summarizes these results.

Figure 8. Diffusion factors against minimum inlet relative Mach 
number for different exit blade angle and prewhirl angle

at different pressure ratios.

(16).
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Figure 9. Flow-chart for the design process of centrifugal compressors.
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TABLE 1: Permissible parameters of compressors at a pressure ratio of 1.5

θ

β2 = 0° & α1 = 15°

β2 = 0° & α1 = 30

β2 = -40 & α1 = 15

β2 = -40° & α1 = 30

β2 = -60° & α1 = 0

β2 = -60° & α1 = 15

β2 = 0° & α1 = 30

β2 = -40° & α1 = 30

β2 = -60° & α1 = 15

β2 = -60° & α1 = 30

β2 = -60° & α1 = 15

β2 = -60° & α1 = 30

Condition

0.506

0.507

0.480

0.485

0.458

0.459

0.585

0.556

0.533

0.508

0.594

0.597

r1s/r2

0.084

0.084

0.094

0.094

0.103

0.103

0.125

0.140

0.155

0.155

0.207

0.207

b2/r2

47.17

27.80

47.24

29.28

57.31

46.96

28.69

28.66

47.84

11.68

48.91

30.80

β1s

0.368

0.317

0.412

0.355

0.556

0.452

0.365

0.410

0.521

0.451

0.578

0.501

M1rel

0.672

0.672

0.793

0.793

0.904

0.904

0.672

0.793

0.904

0.904

0.904

0.904

Mu2

0.608

0.608

0.510

0.510

0.445

0.445

0.608

0.510

0.445

0.445

0.445

0.445

M2

0.719

0.837

0.718

0.827

0.710

0.874

0.728

0.719

0.760

0.881

0.700

0.796

DF

0.050

0.075

0.100

TABLE 2: Permissible parameters of compressors at a pressure ratio of 3.

θ

β2 = -40° & α1 = 30°

β2 = -40° & α1 = 30

β2 = -40 & α1 = 30

β2 = -60° & α1 = 30

Condition

0.415

0.485

0.543

0.629

r1s/r2

0.039

0.059

0.078

0.124

b2/r2

31.50

34.00

35.54

41.36

β1s

0.528

0.615

0.688

0.906

M1rel

1.373

1.373

1.373

1.565

Mu2

0.815

0.815

0.815

0.705

M2

0.956

0.825

0.750

0.768

DF

0.050

0.075

0.100

0.150

TABLE 3: Permissible parameters of compressors at a pressure ratio of 5.

θ

β2 = 0° & α1 = 0°

β2 = 0 & α1 = 15

β2 = 0 & α1 = 15

β2 = -60° & α1 = 30

Condition

0.413

0.473

0.53

0.614

r1s/r2

0.025

0.037

0.049

0.074

b2/r2

58.23

50.69

51.96

46.90

β1s

0.722

0.742

0.828

1.112

M1rel

1.465

1.465

1.465

1.970

Mu2

1.182

1.182

1.182

0.829

M2

0.782

0.766

0.700

0.786

DF

0.050

0.075

0.010

0.150
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For a pressure ratio of 5, at a 0.05 low non-
dimensional mass flowrate, the radial blade with no 
prewhirl leads to favorable conditions. As the non-
dimensional mass flowrate increases to 0.1, radial 
blades accompanied with a prewhirl of 15° can 
satisfy the different requirements of economical 
design and good operation. For a higher non-
dimensional mass flowrate up to 0.15, a high 
backsweep angle of up to -60° with a prewhirl of 
30° is recommended, as shown in Table 3.

Further assessment of the proposed design has to 
be made by predicting a complete performance 
map using suitable empirical loss models and 
correlations. If the predicted performance does 
not meet the requirements, it may be necessary 
to return to the preliminary design procedure 

described above in order to reassess the design. It 
was found that the main parameters could only be 
varied within a very limited range. The assumed 
slip factor and efficiency play an essential part 
in the determination of the degree of backsweep 
adopted. 

There are many sources of loss in a centrifugal 
compressor, classified as aerodynamic and para-
sitic losses. For the aerodynamic losses there are 
several sources, which are more or less important 
depending on the value of the flow coefficient. 
Neglecting less important effects such as blade 
curvature, rotational speed or shape of the flow 
channels, the aerodynamic losses in the design 
point of a centrifugal compressor depend on 
friction losses and other factors as explained above.

Conclusion

This paper has underlined the essential integration of impeller structural analysis in the main design iteration so 
that a fully optimized aeromechanic design can be achieved. Different aerodynamic and design aspects of the 
impeller have been analyzed and limitations of the main parameters have been given. The following conclusions 
were drawn leading to a preliminary design for the different cases:

1. At a low-pressure ratio, 1.5, the non-dimensional mass flowrate, θ, is limited only to 0.1. At a low non-
dimensional mass flowrate, radial blades with a prewhirl of 15° are selected and corresponding values 
of r1s/r2 =0.506 and b2/r2=0.084. The prewhirl is increased to 30° for a medium non-dimensional mass 
flowrate. A slight increase in r1s/r2 leads to 0.585 and similar increase in b2/r2=0.125. As the flowrate 
increases, a leaned blade with 60° accompanied with a prewhirl of 15° is the most suitable design with r1s/
r2 =0.594 and b2/r2=0.207. This means a more compact design.

2. At a pressure ratio of 3, a backsweep angle of 40° with a prewhirl of 30° is recommended for impeller 
design for the non-dimensional mass flowrate, θ of up to 0.1. The backsweep angle increases to 60° as the 
non-dimensional mass flowrate, θ, increases. Corresponding design parameters are selected from Table 
(2).

3. As the pressure ratio increases to 5, the operating range of non-dimensional mass flowrate increases to 
0.15.

4. At a pressure ratio of 5, at a low non-dimensional mass flowrate, θ, radial blades with no prewhirl were 
found to be the most suitable. With an increase in the non-dimensional mass flowrate of up to 0.1, a 
prewhirl of 15° is necessary. As θ increases, a backsweep of 60° with a prewhirl of 30° is recommended. 
Table (3) provides the corresponding design ratio r1s/r2 and b2/r2.
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Abstract

S tress singularity fre-
quently occurs at a 

vertex in the interface of 
joints due to a disconti-
nuity of materials. Stress 
singularity fields are one 
of the main factors res-
ponsible for debonding un-
der mechanical or thermal 
loadings. Stress distribu-
tion near the vertex in the 
interface of joints is very 
important for maintaining 
the reliability of joints. 
However, the intensity of 
singularity for 3D trans-
versely isotropic piezoe-
lectric single-step bonded 
joints has not been made clear until now. In this paper, 
the intensity of singularity in transversely isotropic pie-
zoelectric dissimilar material joints is analyzed. The 

orders of singularity at a 
vertex and at a point on 
singularity lines for pie-
zoelectric bonded joints 
are determined using the 
Eigen analysis. The dis-
tributions for stress and 
electric displacement on 
the interface and the in-
tensities of singularity for
stress and electric displa-
cement are investigated 
using BEM. From the nu-
merical results, it is shown
that the intensity of singu-
larity increases with the
increase of material thick-
ness in the joint.

Keywords: Boundary ele-
ment method, Piezoelectric dissimilar material, Smart 
structure stress singularity, Transversely isotropic 
bonded joint.
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1. Introduction

In recent years, intelligent or smart structures and 
systems have drawn more and more attention. Piezo-
electric materials have been extensively used as 
transducers and sensors due to the intrinsic direct 
and converse piezoelectric effects that take place 
between the electric field and mechanical deformation. 
Piezoelectric materials play a key role as active 
components in many engineering and technology 
fields such as electronics, laser, microwave infrared, 
navigation and biology [1997]. Mechanical stress 
occurs in piezoelectric material for any electric input. 

The stress concentrations caused by mechanical 
or electric loads may lead to crack initiation and 
extension, and sometimes the stress concentrations 
may be high enough to debond the material parts. 
Industrial products such as electronic devices and heat 
endurance parts are composed of dissimilar materials. 
A mismatch of material properties causes a failure at 
the free edge of joints because a stress concentration 
occurs along the free edge of the interface, especially 
at the joint’s vertex [2009]. When two materials are 
joined, a free-edge stress singularity usually develops at 
the intersection of the interface and free surface. Stress 
singularity is related to debonding and delamination 
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at the interface of bonded joints. Several studies have 
investigated the stress singularity field in 3D elastic 
materials. Yamada and Okumura [1981] developed 
a finite element analysis for solving the Eigen value
equation to directly determine the order of stress singu-
larity and the angular variation of stress and displa-
cement fields. Pageau et al. [1995] then adapted the 
Eigen analysis based on a finite element formulation 
to analyze the in-plane deformation of wedges and 
junctions of anisotropic materials. The stress and dis-
placement fields were obtained using the Eigen formu-
lation for real and complex orders of stress singularity. 
Prukvilailert and Koguchi [2005] examined the order of 
stress singularity not only at a vertex but also along the 
stress singularity line between two isotropic materials 
in joints using the Eigen analysis.

Stress distributions around the vertex were determined 
using a boundary element method (BEM). Koguchi 
[2006] determined the intensity of singularity by fitting
the stress profile obtained from the BEM analysis with a 
least squares method. Ding et al. [1996] systematically 
studied the general solutions of equations for transver-
sely isotropic piezoelectric materials and obtained the 
solutions of a half-space. Lee and Jiang [1994] obtained 
the boundary integral equation and two-dimensional 
solution by using the double Fourier transform and
by considering one case of the Eigen values. Recently, 
Ikeda et al. [2011] proposed the solution of singular 
stress field and its SIFs of an interfacial corner of
a 2D dissimilar piezoelectric material joints using an 
extended Stroh formalism. At present, no clear picture 
exists of the problem of intensity of singularity for 3D
two-phase transversely isotropic piezoelectric dissimilar
material joints. Therefore, the purpose of this study is 
to analyze the intensity of singularity in transversely 
isotropic piezoelectric dissimilar material joints.

2. The Basic formula

In the absence of body forces and free charges, the
governing equations of three-dimensional piezoelectric 
materials are expressed as follows [1996]:

where σij and Di are the stress tensor and electric 
displacement vector, respectively. These equations are 
the elastic equilibrium equations and Gauss’s law of 
electrostatics, respectively. The constitutive relations 
for piezoelectric material are expressed as follows:

where εkl is the strain tensor, which is the mechanical field 
variables, Ek is electric field, cijkl is the elastic constant, 
ekij (eikl) and χik are the piezoelectric constant and electric 
permittivity (dielectric constant), respectively. The 
elastic strain-displacement and electric field-potential 
equations are expressed as follows:

where ui and φ are the elastic displacement and electric 
potential, respectively.

According to Ding et al. [1997], the fundamental 
solutions of the governing differential equations for 
the transversely isotropic piezoelectric material are as 
follows:

where, s1, s2, and s3 are the three roots of the charac-
teristic equation, which is related to the following 
equation.

where                                ,

In three roots of Eq. (5), s1 is assumed to be a positive 
real number, s2 and s3 are either positive real numbers (1)

(3)

(2)

(4)

(5)
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or a pair of conjugate complex roots with positive real 
parts. Function ψi in Eq. (4) for an infinite piezoelectric 
material is given as follows:

where  i = 1, 2, 3.          

3. Boundary integral equation

Based on the Somigliana equation, the boundary integral 
formulation is expressed as follows:    

where C is the coefficient matrix which depends on 
shape of the boundary Γ, and the general displacement 
vector u, and surface traction vector t are as follows:

and two matrices U* and T* composed of fundamental 
solutions are:

where    and    (i, j = 1, 2, 3) are displacements and 
surface tractions, respectively at a field point x in the 
j coordinate direction due to a unit load acting in the 
xi directions at a load point d,    and    (j = 1, 2, 3) 
are displacement components and surface tractions, 
respectively, at a field point x in the j coordinate 
direction due to a unit electric charge at d.        and      
(i = 1, 2, 3) are electric potentials and surface charges, 
respectively, at a field point x due to a unit load acting 
in the xi directions at a load point d, and        and
are electric potential and surface charge, respectively at 
a field point x due to a unit electric charge at d. 

If the boundary is discretized with an eight-node iso-
parametric quadratic element, then the boundary integral
equation is written as follows

where Ni is the shape function, J is a Jacobean matrix, 
ui and ti represent the displacement and surface traction 
at node, and C is the coefficient matrix.

4. Eigen equation

An Eigen equation based on the finite element 
method (FEM) was used to analyze singularity at the 
singular point in a 3D dissimilar material joint. In the 
formulation of FEM, a spherical coordinate system 
with the origin at a singular point is introduced, and 
displacement within a sphere of radius ro in the singular 
field is expressed using the characteristic root p, which 
is related to the order of singularity. The surface of the 
sphere is divided into mesh. To determine the order of 
stress singularity, the Eigen equation was formulated as 
follows [2010]:

where

Here, p represents the characteristic root, which is 
related to the order of singularity, λ, as λ = 1-p. [A], [B] 
and [C] are matrices composed of material properties, 
and {U} represents the elastic displacement and electric 
potential vector.

5. Results and discussions

Figure 1 represents a model for 3D piezoelectric single-
step bonded structure used in the present analysis. The 
dimensions of material 1 are 10x10xh mm and those 
of material 2 are 20x20x5 mm. The displacement and 
electric potential in the z-direction on the bottom in 
the model is fixed. The model is subjected to uniform 
tension (1 MPa) and electric displacement (1 C/m2) 
of which the poling direction is parallel to the z-axis. 
PZT-5A and PZT-7 are used for Materials 1 and 2, 
respectively, in the analysis..

Figure 2(a) represents the geometry of a typical case 
where singular stress occurs at point o. The region 

(6)

(7)

(8)

(9)
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surrounding the singular point is divided into a number 
of quadratic elements with a summit o, with each 
element being located in spherical coordinates r, θ, and 
φ by its nodes 1 to 8. Figure 2(b) represents a mesh 
model for the 3D piezoelectric single-step bonded 

structure used in the present analysis. The mesh near 
the singular point is finer than the region farther from 
the singular point. The total numbers of elements and 
nodes are 4643 and 13931, respectively. The size of the 
smallest element is 2.73x10-6 mm at singular point.

Figure 1. Model of analysis for two-phase piezoelectric bonded joint

Figure 2. (a) Element geometry, and (b) a mesh model on x, y and z coordinates

(a) (b)

PZT-5A

PZT-7

12.1

13.0

7.54

8.30

7.52

8.30

11.3

11.9

2.11

2.50

TABLE 1: Material properties of piezoelectric materials

Material

-5.20

-10.3

12.3

13.5

15.8

14.7

81.1

171

73.5

186

Elastic Constant, 1010 N/m2

c11 c12 c13 c33 c44

Piezoelectric Constant, 
C/m2

e31 e15 e33

Dielectric 
Constant,
10-10 C/Vm
χ11 χ33
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The order of singularity λ, at the vertex for the above 
model is calculated using the Eigen analysis method. 
Solving the Eigen equation yields many roots p and 
Eigen vectors are obtained. However, if the root p is 
within the range of 0 < p < 1, this fact indicates that the 
stress field has singularity. The values of the order of 
singularity at the singularity corner are 0.5651, 0.2934, 
0.1777, and 0.0958. 

The distributions of stress and electric displacement 
in the singular field for the two-phase piezoelectric 
single-step bonded structure are obtained using the 
boundary element method. The distributions of stress 
and electric displacement in the singular field against 
radial distance, r for various thicknesses of upper 
material are shown in Figures 3 to 6. It is clear from 
the figures that stress and electric displacement increase 

with the thickness of the upper material. All figures 
show that stress and electric displacement are larger at 
the interface’s vertex. Therefore, there is a possibility 
of debonding and delamination at the corner of the 
bonded joint.

Stress distribution at the vertex in a singular field is 
expressed for the spherical coordinate system as follows 
[2010]:

         (10)

where r is the distance from the vertex, λvertex is the 
order of stress singularity, Kkij (k = 1, 2) is the intensity 
of stress singularity, fkij(θ, φ) (k = 1, 2) is the angular 
function for stress component, σij. Similarly, the electric 
displacement distribution at the vertex in a singular 

Figure 3. Distribution of stress σ
θθ

 against r

Figure 5. Distribution of stress σ
φθ

 against r

Figure 4. Distribution of stress σrθ
 against r

Figure 6. Distribution of electric displacement D
θ
 against r
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field is expressed for the spherical coordinate system 
as follows:

      (11)

where Mki (k = 1, 2) is the intensity of electric displa-
cement singularity, and lki (θ, φ) (k = 1,2) is the angular 
function for electric displacement component, Di.

In the present analysis, the intensities of singularity 
for stress and electric displacement are determined 
by considering the mechanical field effect that is 
larger than that of the electric field. The intensities 
of singularity for stress and electric displacement are 
calculated by fitting the stress and electric displacement 
curve with the help of the result of the Eigen analysis 
at the vertex. Figures 7 to 9 represent the relationship 
between the intensities of singularity for stress and the 
thickness of upper material. Figure 10 represents the 
relationship between the intensity of singularity for 
electric displacement and the thickness of the upper 
material. The intensity of singularity for both stress 
and electric displacement increases with the thickness 
of the upper material. This is due to the effect of the 
mechanical field that is larger than that of the electric 
field. 

It is found from the present analysis that the value of K1θθ 

is larger than the value of K1rθ and K1φθ
. In the present 

analysis, it is also observed that the ratio of K1rθ and 
K1θθ

, and the ratio of  K1φθ
 and K1θθ

 with respect to the 
upper material’s thickness are nearly constant. There 
is a greater possibility of debonding and delamination 

at the corner of thick piezoelectric single-step bonded 
joints, because the effect of the intensities of singularity 
on a thick material joint is greater than that of a thin 
material.

Figure 7. Distribution of intensity of singularity, 
K1θθ

 against thickness h

Figure 8. Distribution of intensity of singularity,
K1rθ against thickness h

Figure 9. Distribution of intensity of singularity,
K1φθ

 against thickness h

Figure 10. Distribution of intensity of singularity,
M1θ

 against thickness h
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Conclusion

In this paper, the order of singularity and the intensity of singularity that characterize a singular field at a vertex 
in 3D single-step dissimilar material joints were investigated using the Eigen analysis based on a finite element 
method and a boundary element analysis. The order of singularity at the vertex was calculated in accordance with 
the Eigen analysis.

The distributions of stress and electric displacement with respect to radial distance were calculated in boundary 
element analysis. Stress and electric displacement had a larger value at the vertex of the joint. The intensities of 
singularity were calculated by fitting the stress and electric displacement profile with the help of the results of 
the Eigen analysis at the vertex. The intensities of singularity for stress and electric displacement increase with 
the upper material’s thickness. Therefore, there is a greater possibility of debonding and delamination occurring 
at the corner of thick transversely isotropic piezoelectric single-step bonded joints.
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Abstract

A multiple regression 
analysis is applied 

to model the long term 
relationship between the 
unemployment rate and 
some selected macro eco-
nomic variables (Gross 
domestic product, infla-
tion rate and interest rate) 
in Nigeria. Secondary 
data was collected an-
nually for a period of twenty-six years from 1985 to 
2010, (downloadable from www.data.worldbank.org)  
and the bulletin of the Central Bank of Nigeria. Our
estimation reveals that the inflation rate and the GDP 

are significant in estima-
ting unemployment rates 
as opposed to interest 
rates. Our findings fur-
ther show that a high cor-
relation coefficient exists 
between the unemploy-
ment rate and macro eco-
nomic variables. It was 
also observed that 62% 
of the variation in unem-
ployment rates can be ex-

plained by the inflation rate  and the Gross Domestic 
Product (GDP).

Keywords: Correlation Coefficient, Inflation, Interest, 
GDP, Nigeria.
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1. Introduction

It is no secret that accessing full-time employment, 
particularly in developing economies, can alleviate 
poverty and foster economic growth. This idea is based 
on the link between income and poverty (Boateng, 
2004). It is also noted that unemployment generates 
low or no income and therefore results in inadequate or 
poor living standards.  An unemployed labor force has 
the potential of contributing to national income but is 
not doing so for lack of job opportunities, which makes 
the reduction of unemployment a major concern for 
every responsible government around the globe.

In Nigeria, democracy has been restored for over 
a decade ago, significantly raising the hopes and 
expectations of people.  It was for example assumed 
that with democracy, people would enjoy the freedom 
of choosing their leaders and representatives and 
hold them accountable for the overall objective of 

fast-tracking development and improving the general 
living conditions of the population. This expectation 
is not misplaced since Nigeria has abundant human 
and natural resources. Regrettably, the situation on 
the ground has shown that this expectation is yet to 
be fulfilled, hence the growing sense of despondency 
among the masses. In other countries in North Africa, 
such as Tunisia, Egypt and Libya where dictators 
have held sway for over three decades, people have 
rebelled against the regime. Though these countries 
may be described as less democratic than Nigeria, the 
living conditions of the people, in real economic terms, 
remain better (Abati, 2011a; Abati, 2011b, Adejumobi, 
2011) while unemployment rates there are more or less 
similar to those of Nigeria (Adejumobi, 2011). The fact 
that violent unrest shook the above mentioned countries 
when they have relatively better living conditions than 
Nigeria constitutes a major source of concern and it is 
expected that both individuals and government at all 



LADAN, M.S, KARIM, A.M. and AYODEJI, A. / ISESCO Journal of Science and Technology - Volume 10, Number 17 (May 2014) (99-110)

100

its levels should join hands to build a Nigeria where 
everyone is resourceful and useful. What guarantee is 
there that a large army of unemployed youth will not 
engage in activities that would undermine the stability 
of democracy in Nigeria?

The problem of chronic youth unemployment is 
clearly evident in Nigeria. Every year, thousands of 
graduates are spawned out of schools without there 
being any jobs for them. Nigerian streets abound with 
young idlers who ordinarily would have found gainful 
employment in companies or shown their skills and 
resourcefulness if enabling environments and reliable 
management structures existed on the ground. Instead, 
youth have now shifted their attention to cybercrime in 
the popularly known ‘419’ scam. This is definitely an 
unethical use of technological innovation which should 
instead have been channeled towards technological 
advancement as witnessed in the U.S.A., Canada, 
the United Kingdom and lastly China, the emerging 
world’s production and economic power.

The problem of power generation and distribution 
should be tackled if entrepreneurial development is 
to aim for greater heights. The self-employed are in a 
quandary as scant infrastructure makes it impossible 
for them to showcase their trade. The large number 
of unemployed youth are capable of undermining the 
democratic process as they would represent a serious 
threat if recruited by the political class for clandestine 
activities (Adepegba, 2011, Ibrahim, 2011, Lartey, 
2011, and Olatunji & Abioye, 2011). The reason is 
that ‘security’, the panacea of any meaningful socio-
economic activity, has not been fully understood and 
integrated in the greater scheme of things. The South 
African White Paper on Defense (1996) defined 
“Security”  as an all-encompassing condition in which 
the individual citizen lives in freedom, peace and safety, 
fully participates in the process of governance, enjoys 
the protection of his fundamental rights, has access to 
the resources and basic necessities of life, and evolves 
in an environment that is not detrimental to his health 
and well-being. In the same vein, job security is an all-
encompassing condition under which the individual 
citizen of a country (Nigeria) lives in an environment 

where equal job opportunities are provided for all 
citizens and not exclusively for the rich and those with 
the highest connections. It should also bring about 
a situation where one can have access to the type of 
job he or she is trained to do and from which they can 
derive a sense of job satisfaction. 

2. The multiple regression model

In statistics, regression analysis is a statistical process 
for estimating the relationship between variables. It 
includes many techniques for modeling and analyzing 
several variables when the focus is on the relationship 
between a dependent variable and one or more 
independent variables.

The general linear model is given as:

Y = β0 + β1X1 + β2X2 + β3X3 + ……+ βzXz + εi

Where

Y is the criterion or dependent variable

βi’ s = 0,1,2,3,….. z are the parameters

Xi’s = 0,1,2,3,…..z are the predictors or independent 
variables

Z is the number of parameters

ε  is the random error components also known as 
error term.

2.1 The linear regression model

The linear regression model can be in vector – matrix 
notation as Y = X β + ε i

Where 

Y = criterion variable

β = parameters

X = predictor variables

ε i = vector of random component i.e the unex-
plained variation in the response variable.

a) Least squares

In the scatterplot, we have an independent or X variable, 
and a dependent or Y variable. These variables may, 
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for example, represent IQ (intelligence as measured by 
a test) and school achievement (grade point average - 
GPA), respectively. Each point in the plot represents 
one student, that is, the respective student’s IQ and 
GPA. The goal of linear regression procedures is to 
fit a line through the points. Specifically, the program 
will compute a line so that the squared deviations of 
the observed points from that line are minimized. Thus, 
this general procedure is sometimes also referred to as 
least squares estimation.

Least square analysis was developed by Carl Freidrich 
Gauss in the 1820s.

This method uses Gauss- Markov assumptions.

* Random errors (∑i=0)

* Random errors (∑i) are uncorrelated i.e. (∑i∑j)=0

* Random errors (∑i) are homoscedastic i.e. 
E(∑i2) = δ2∑i2

b) Predicted and residual scores

The regression line expresses the best prediction of the 
dependent variable (Y) given the predictors variable 
(xi’s). Since nature is rarely perfectly predicted, there 
is usually a substantial variation of the observed from 
the predicted point. This variation is called “residual” 
and could be positive or negative.

c) Residual variance and R - square (R2)  

The smallest variability of the residual values relative 
to the overall variability of the y variable to the 
original variable is 1.0, in which case there is no 
relationship between the criterion variable and the 
predictors variable. But if it is zero, then there is a 
perfect relationship between them, which implies that 
the closer the residual variance is to zero the better the 
model.

R square, the coefficient of the determination is the 
measure of the ratio of the residual variance taken from 
1.0

(R2)  = RSS/TSS = 1-(ESS/TSS)

Where RSS is the regression sum of the square

TSS is the total sum of the square

ESS is the error sum of the square

2.2 Model estimation specification

The linear multiple regression model estimate is  

Y =  β0 + β1X1 + β2X2 + β3X3 + ε

Where Y is the unemployment rate (dependent variable) 
and X1, X2 and X3 are the independent variables where:

X1 is the inflation rate 

X2 is the interest rate

X3 is the GDP rate

β0 is the Y intercept (slope)

ε is the error term

For easy computation, the model is estimated in the 
vector matrix notation as below:

A) Linear Regression Model in Matrix Notation

Y = Xβ + ε

Y is the response variable vector

X is the matrix of the explanatory variables

β is the vector of the parameters 

ε represents the random error term vector showing the 
unpredicted or the explained variation in the response 
variable.

Where

B) Estimating β:

The estimated values of the parameters β can be given 
as: β = (X’X)-1X’Y
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C) Estimating the residual

The residual representing the observed minus ‘calcu-
lated’ quantities are useful to calculate the regression 
analysis. The residual is determined from ε²= Y – Xβ

Y is the observed vector

X and β are as defined above

D) Residual error variance

The residual error variance δ², for the model is deter-
mined from

δ² = Y’Y – β’X’Y/ n-k

E) Confidence interval for β

The 100 (1 - α)% confidence for the parameters β’s is 
computed as

Where t follows the student’s t distribution with n-p 
degrees of freedom and (x’x)-1 denote the value located 
in the ith column of the matrix.

2.3 Analysis of variance (ANOVA estimation)

The regression sum of square (SRR) is given by: 
SRR = βSxy

The error sum of square {ESS) is given by: 
ESS = SST – SSR

2.4 Adequacy test for regression method

1) Coefficient of determination [R²]:

The value of R² measures the percentage/ ratio of 
the total variability in the dependent variable by the 
explanatory variable altogether.

R²  = SRR/TSS = 1- (ESS/TSS)

Recall 0 ≤ R² ≤ 1

2) Residual analysis

Residual analysis is useful in checking the assumptions 
that the errors are normally independent distributed 
with mean μ zero and variance δ²  that is ε²nid ( 0,δ²) 
and in determining if additional terms in the model 
would be useful.

ε²= y - xb

3) Approximate check of normality

A frequency histogram of the residual or normal 
probability curve plot will show normality or otherwise. 
Residuals are plotted in time sequence against the fitted 
value.

The standardized residual is:  D =ε² (MSE)

For an independent identical distribution (iid) ( 0,δ²) 
approximate 95% of the standardized residual falls in 
the interval (± 2) 

Plotting the residual against the previous residual that 
is lagging, the model assumptions are checked and 
verified if no pattern exists in the plot.

2.5 Checking the model validity

The model validity is checked using the confidence 
interval including zero, after which the parameter can 
be removed from the model.

Thus, a new regression model excluding the parameters 
will need to be performed and continued until there are 
no more parameters to remove.

Regression

Error

Total

p-1

n-p

n-1

SSR/(P-1)

ESS/(n-p)

MSR/MSE

ANOVA TABLE

Source of 
variation

DF MS F-Ratio

SSR

ESS

TSS

SS

Fo = MSR/ MSE against F
α,{V1,V2}

Decision rule: if Fo ≥ F
α,{V1,V2}  reject Ho
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1985

1986

1987

1988

1989

1990

1991

1992

1993

1994

1995

1996

1997

1998

1999

2000

2001

2002

2003

2004

2005

2006

2007

2008

2009

2010

6.1

5.3

7

5.1

4.5

3.5

3.1

3.5

3.4

3.2

1.9

2.8

3.4

3.5

17.5

13.1

13.6

12.6

14.8

13.4

11.9

12.3

12.7

14.9

19.7

21.4

67908.55

69146.99

105222.8

139085.3

216797.5

267550

312139.7

532613.8

683869.8

899863.2

1933212

2702719

2801973

2708431

3194015

4582127

4725086

6912381

8487032

11411067

14572239

18564595

20657318

24296329

24794239

29205783

8.7

5.39

10.18

56.04

50.47

7.5

12.7

44.81

57.17

57.03

72.81

29.29

10.67

7.86

6.62

6.94

18.87

12.89

14.03

15.01

17.85

8.24

5.38

11.6

11.5

13.72

5.54

11.63

-24.07

-3.92

-16.58

16.93

-0.11

-32.06

-13.75

-5.7

-22.91

-12.46

16.21

25.13

7.13

-12.23

11.47

-5.1

8.56

-1.28

-1.51

-2.22

11.57

4.05

23.82

-7.25

Year
Unemployment

(%)
Gross Domestic Product

(N’ Million)
Inflation

(%)
Interest

(%)

3. Data presentation and analysis

3.1 Data presentation

Source: www.data.worldbank.org./FR.INR.RINR, www.wikipedia.org/wiki/Gross domestic product, 
and National Bureau of Statistics Bulletin. 

TABLE 3.1
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Figure 3.1

Figure 3.2

Figure 3.3
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Figure 3.4

Figure 3.5
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Unemployment rate

Inflation rate

Interest rate

Gross domestic product

9.0077

22.0488

-.7350

6.3026

26

26

26

26

TABLE 3.2: Descriptive statistics

Source of variation Mean N

5.94831

20.24267

14.61819

.85653

Std.
Deviation

1.000

-.500

.273

.722

.

.005

.089

.000

26

26

26

26

Unemployment rate

Inflation rate

Interest rate

Gross domestic product

Unemployment rate

Inflation rate

Interest rate

Gross domestic product

Unemployment rate

Inflation rate

Interest rate

Gross domestic product

Pearson

Correlation

Sig. 

(1-tailed)

-.500

1.000

-.595

-.286

.005

.

.001

.079

26

26

26

26

.722

-.286

.243

1.000

.000

.079

.116

.

26

26

26

26

TABLE 3.3: Correlations

Unemployment 
rate

Inflation 
rate

GDP

.273

-.595

1.000

.243

.089

.001

.

.116

26

26

26

26

Interest 
rate

1 .789a .572 3.89194 .623 12.132 3 22 .000 1.819

TABLE 3.4: Model Summaryb

Model R
R 

Square
Adjusted
R Square

Std. Error 
of the

Estimate

Durbin-
Watson

.623

R 
Square 
Change

F 
Change

df1 df2
Sig. F 

Change

Change statistics
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(Constant)

Inflation rate

Interest rate

Gross domestic product

1 -2.612

-2.313

-.675

4.663

TABLE 3.6: Coefficient

t

.016

.030

.507

.000

Sig.Model

-29.675

-.213

-.183

2.467

-3.408

-.012

.093

6.418

95.0% Confidence 
Interval for B

Lower 

Bound
Upper 
Bound

 

.625

.640

.910

 

1.601

1.562

1.099

Collinearity
Statistics

Tolerance VIF

-16.541

-.113

-.045

4.442

6.333

.049

.067

.953

Unstandardized 
Coefficients

B
Std. 

Error

 

-.383

-.110

.640

Standardized 
Coefficients

Beta

a. Dependent variable: UNEMPLOYMENT RATE

Regression

Residual

Total

551.320

333.239

884.558

183.773

15.147

12.132 .000b

TABLE 3.5: Anova

Model
Sum of 
Squares

Mean 
Square

F Sig.

3

22

25

Df

1

a. Dependent Variable: UNEMPLOYMENT RATE
b. Predictors: (Constant), GROSS DOMESTIC PRODUCT, INTEREST RATE, 
INFLATION RATE

Figure 3.6. Time plot of GDP and unemployment Figure 3.7. Time plot of inflation and unemployment
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Figure 3.8. Time plot of interest rate and unemployment

4. Summary of results

The following findings were made from data 
analysis:

Figure 3.1 shows that data are normally distributed 
since the histogram shows a symmetric curve. 

From analysis, Figures 3.2-3.5 show that heteroske-
dacity does not occur in the analysis since the chart 
falls within the limit. 

Table 3. 1 shows the dependent variable (unemployment 
rate) and the dependent variables (inflation rate, interest 
rate and Gross Domestic Product). It also shows the 
method used in analyzing the variables.

Table 3.2 shows the descriptive statistics. It describes 
the total number of variables used for the unemployment 
rate, inflation rate, interest rate and gross domestic 
product. Twenty six pieces of data were used for each 
variable. It also shows the standard deviation and the 
mean of the variables used. 

Table 3.3 shows the correlation matrix for the variable 
considered. The correlation matrix between the 
unemployment rate and the Gross Domestic Product 
(GDP) indicates a positive correlation. The correlation 
coefficient between the Gross Domestic Product (GDP) 
and the unemployment rate is 0.722, which implies a 
very strong positive relationship. Also, Gross Domestic 

Product (GDP) increases to greater heights with the 
rate of unemployment. Furthermore, the correlation 
coefficient between the unemployment and interest rates 
is 0.273, which shows a very weak positive relationship 
and that the interest rate increases in line with the rate 
of unemployment. However, the correlation coefficient 
between the inflation rate and the unemployment rate 
is 0.500, which shows an inverse relationship between 
inflation and unemployment. The inflation rate 
decreases as the unemployment rate increases. None 
of the independent variables i.e. inflation rate, interest 
rate and Gross Domestic Product (GDP) are highly 
correlated, which means that multicollinearity does not 
exist.

The latter part of Table 3.6 shows the significance 
of the correlations. It was noted that all correlation 
coefficients were significant at 95% except the interest 
rate of which the significant level was 0.089. 

Table 3.4 represents the model summary. It shows 
the multiple correlation coefficient between the 
unemployment rate (dependent variable), the inflation 
rate, the interest rate and the Gross Domestic Product 
(independent variables). There is a positive correlation 
(R = 0.789) between the unemployment rate (dependent 
variable) and the inflation rate, interest rate and 
gross domestic product (independent variables). The 
determination coefficient (R-square = 0.623) which 
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shows inflation and interest rates and gross domestic 
product could only account for 62% of the variation 
that occurs in unemployment rates while the remaining 
38% could be attributed to other factors. The  adjusted 
R-Square value(= .572) is very close to the co-efficient 
of determination value indicating that the cross-validity 
of the model fit is good,  and the Durbin-Watson value 
(1.819) was concordant with the assumption since the 
values is close to 2.

Table 3.5 tells us whether the model generally results in 
a significantly good degree of prediction of the outcome 
variable (unemployment rate), and since the P-value 
(.000) is less than the specified level of significance 
(α=.05)  this  means that there are significant differences 
among the independent variables. Therefore, the 
overall regression model significantly predicts the 
unemployment rate (dependent variable).

Table 3.6 is the coefficient table. 

One of the most important tables here is the coefficient 
table which  indicates the unstandardized Beta 
coefficient. It is noted that the beta coefficient for all 
the independent variables is significantly different from 
zero. This shows that independent variables are good 
predictors of the unemployment rate.  

The fitted regression model is:

Unemployment rate = -16.541 - 0.113 (inflation rate) 
-0.045 (interest rate) + 4.442 (Gross Domestic Product)

It also shows that GDPand the inflation rate are significant 
at a 95% level in estimating the unemployment rate 
during the period under study because the p-value was 
lower than 0.05. The interest rate on the other hand is 
not significant at 95% confidence level in estimating 
the unemployment rate during the period under study 
since its p-value is greater than 0.05. 

The table also shows the collinearity statistics. 
Multicollinearity may occur because several predictors 
taken as a whole are related to other predictors or set 
of predictors. For this reason, it is important to test 
for multicollinearity when doing multiple regressions. 
Tolerance and VIF give the same information 
(tolerance = 1/ VIF) and reveal the existence or 
absence of multicollinearity.  If the tolerance value is 
low (< 1-R²) then there is probably some problem with 
multicollinearity in this case since the adjusted R² is 
0.572 and 1- R²  is 0.428 and the tolerance values are 
not low for all the independent variables considered. 
Therefore, no multicollinearity is noted in the date set.

Figure 3.6 shows a sharp upward trend in Gross 
Domestic Product (GDP) while the unemployment rate 
is constant over the set period. 

Figure 3.7 shows a slight upward movement both in 
inflation and unemployment.

Figure 3.8 shows a slight upward movement in the 
interest and unemployment rates.

Conclusion

A single hidden layer technique-based ANN has demonstrated its superiority in providing a prediction model 
This paper has considered a model that was generated using multiple regression analysis. The model was found 
to be able to describe the following:  
1) It shows that Gross Domestic Product (GDP) increases rapidly with a constant unemployment rate while 

inflation and interest rates increase slightly in relation to increases in the unemployment rate.
2) Unemployment rate = -16.541 – 0.113 (inflation rate) - 0.045 (interest rate) + 4.442 (Gross Domestic Product)

The model indicates that when inflation and  interest rates and the Gross Domestic Product (GDP) are at zero, 
the unemployment rate will be reduced by 16.
Also, a unit change in the inflation rate when other rates are at zero will reduce the rate of unemployment by 
0.11.
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A unit change in the interest rate when other rates are at zero will reduce unemployment by 0.5.
A unit change in Gross Domestic Product (GDP) when other rates are at zero will increase unemployment by 
4.4.

3) There was a strong positive relationship between the unemployment rate and all the explanatory variables 
during the period under study.

4) The Gross Domestic Product (GDP) and the inflation rate are significant in estimating unemployment rates. 
This shows that the GDP and inflation rate are the major factors affecting the unemployment rate while the 
interest rate has little incidence over unemployment rate estimation.

5) A strong positive relationship was noted between the unemployment rate and Gross Domestic Product (GDP). 
This indicates that the Gross Domestic Product (GDP) increases with the rate of unemployment.

6) A negative relationship was noted between the unemployment rate and the inflation rate, which indicates that 
the unemployment rate increases as the inflation rate drops.

Therefore, Nigeria’s inflation rate and Gross Domestic Product (GDP) are the key influential factors in the 
determination of the unemployment rate. 
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